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Summary

Generalised spatial modulation (GSM) is a recently developed multiple-input

multiple-output (MIMO) technique aimed at improving data rates over con-

ventional spatial modulation (SM) systems. However, for identical antenna

array size and configurations (AASC), the bit error rate (BER) of GSM systems

in comparison with SM systems is degraded. Recently, a GSM system with con-

stellation reassignment (GSM-CR) was proposed in order to improve the BER

of traditional GSM systems. However, this study focused on M-ary quadrature

amplitude modulation (M-QAM) schemes. The focus of this paper is the appli-

cation of a circular constellations scheme, in particular, amplitude phase shift

keying (APSK) modulation, to GSM and GSM-CR systems. An analytical

bound for the average BER of the proposed M-APSK GSM and M-APSK GSM-

CR systems over fading channels is derived. The accuracy of this bound is veri-

fied using Monte Carlo simulation results. A 4 × 4 16-APSK GSM-CR system

achieves a gain of 2.5 dB at BER of 10−5 over the traditional 16-APSK GSM sys-

tem with similar AASC. Similarly, a 6 × 4 32-APSK GSM-CR system achieves

a gain of 2 dB at BER of 10−5 over equivalent 32-APSK GSM system.
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1 | INTRODUCTION

1.1 | Context of research

Improving data rates and link reliability are key considerations for developing the next generation of wireless commu-
nication systems. These objectives led to the introduction of multiple-input multiple-output (MIMO) systems as an
improvement to single antenna systems.1 MIMO systems can be broken down into two broad categories. The first cate-
gory focuses on multiplexing. An example of such a system is Vertical Bell Labs layered space-time (V-BLAST),2 which
attained high data rates by simultaneously transmitting independent information sequences. The spectral efficiency of
such systems increased linearly with the number of transmit antennas being employed. The second category of MIMO
systems focuses on achieving diversity. Alamouti was one of the first authors to introduce the MIMO space-time block
coding (STBC) scheme, which attained transmit diversity.3 Although the overall link reliability was improved, the
transmission rate remained the same as that achieved by single-input single-output (SISO) systems.
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In order to improve the transmission rates and spectral efficiency of MIMO systems, spatial modulation (SM) was
introduced as a new technique by Mesleh et al.4 SM systems encode data in both the signal and spatial domains, in con-
trast to traditional techniques which are constrained to the signal domain. In the spatial domain, bits are used to indi-
cate which of the Nt transmit antennas in the system is active during transmission. The benefits of this are twofold:
(1) the spectral efficiency of the system increases by log2(Nt) bits/s/Hz and (2) the use of only a single active transmit
antenna eliminates the effects of interchannel interference (ICI) and interantenna synchronisation (IAS).5

Architecture of SM, however, limits the number of informations bits that may be encoded in the spatial domain
since it only transmits using a single antenna. To further increase the spectral efficiency of SM systems, generalised spa-
tial modulation (GSM) was proposed by Younis et al.5 GSM systems optimise the encoding of information in the spatial
domain, by selecting more than one antenna to be active in each time slot.5 The overall spectral efficiency in GSM is
improved, by the base-two logarithm of the number of transmit antennas, compared with SM. Although the spatial
domain is now optimised, the reliability of GSM in comparison with SM is degraded due to the reintroduction of ICI.

Several schemes have been developed in order to improve the reliability of traditional GSM systems.6-11,13 These can
be divided into two categories. The first category consists of closed-loop systems, which use the channel state informa-
tion (CSI) obtained from the receiver to optimise the transmission process. An example of this is the system proposed
by Ma et al,6 which improves error performance by selecting the optimal signal-space constellation at the receiver
according to CSI. The second category consists of open loop systems which do not utilise feedback.9,10,13,14 An example
of such systems is the space-time block coded generalised spatial modulation (STBC-GSM) proposed by Basar et al.9 In
this scheme, the Alamouti structure was incorporated to improve the error performance over traditional GSM systems.
More recently, labelling diversity (LD) has been applied to GSM systems as a means to improve their error performance.
LD improves error performance by mapping the same information codewords using two bit-to-symbol mappers.14-16

GSM with constellation reassignment (GSM-CR)13 and GSM with STBC modulation and LD (STBC-GSM-LD)11 are
examples of recent works that have applied LD to GSM systems. It is important to note that the CR technique utilised
by Naidoo et al13 only considers a single time slot, while STBC-GSM-LD14 transmits information bits over two time
slots. The utilisation of a single time slot results in lower latency and reduced detection complexity, at the expense of
reduced error performance. This study, however, only discussed quadrature amplitude modulation (QAM) schemes.
The focus of this paper is to implement GSM-CR with circular constellations, in particular, amplitude phase shift
keying (APSK) modulation. One of the key advantages of circular constellations is that it leads to a lower peak-to-
average power ratio (PAPR), when compared with square or rectangular modulation schemes such as M-QAM, where
M is the modulation order. This is achieved as a result of the reduced number of amplitude levels in M-APSK constella-
tions when compared with M-QAM with the same modulation order.17 This property significantly reduces the design
complexity of high-power amplifiers utilised in long-range wireless communication systems. This is highlighted by the
fact that APSK is the modulation scheme adopted for the latest digital video broadcasting (DVB-S2) standard, which
provides the framework to improve transmission over non-linear satellite channels.18 Therefore, emphasising the prac-
ticality and relevance of applying M-APSK constellations to GSM and GSM-CR for potential use in long-range wireless
communication systems.

Recently, a differential SM (DSM) system for APSK modulation schemes was proposed by Martin et al19 to improve
error performance over DSM for PSK systems. To further improve the link reliability of SM systems, an optimal
multiring APSK based noncoherent SM (NCSM) system assuming no CSI was proposed by Zhou et al.20 In their letter,
Zhou et al designed APSK constellations based on the theoretical symbol error probability (SER) of the NCSM system.
In related work, a novel nonequiprobable APSK (NE-APSK) constellation labelling for bit-interleaved coded modula-
tion (BICM) systems was proposed.21 The authors herein derive the NE-APSK design from Gray-APSK by reducing the
number of points in the inner ring. Similarly, Yan et al22 optimises the parameters of Gray-APSK constellations for
BICM systems using genetic algorithms (GAs). This is done by maximising the channel capacity of the system. The
resultant constellations in these works19-22 however have some limitations that leave them unsuitable for the M-APSK
GSM and GSM-CR systems proposed in this paper: (a) they are specifically designed for coded systems, and (b) they
deviate from the those recommended by the DVB-S2 standard.

The challenge of developing an M-APSK GSM-CR system is the design of a secondary mapper for a given M-APSK
mapper. The objective of the design is to ensure that adjacent symbols are spaced further apart in the secondary mapper
than the primary mapper. There are two approaches that are generally considered in order to design a secondary map-
per. The first approach is to use geometric heuristics, but to the best of the authors' knowledge, heuristics for general-
ised APSK constellations have yet to be introduced. The second approach is to search over all possible constellation
assignments and select the one that maximises the minimum Euclidean distance over all possible pairs of transmitted

2 of 15 KHALID ET AL.



symbols.16 This approach commonly referred to as an exhaustive search is highly complex and impractical, since it
requires the system to consider M! solutions, where (�)! denotes the factorial function. In order to reduce the search
space, Samra et al15 presented a bounded search. Even after reducing the search space, Samra et al15 reports that the
algorithm is still too complex for constellations where M>16. Most recently, a new approach to mapper design based on
GAs was proposed by Patel et al.23,24 This algorithm allows for the design of mappers of higher modulation schemes,
with feasible computational complexity. Thus, this algorithm is applied in this paper to design the secondary mappers
for the proposed M-APSK GSM-CR system.

1.2 | Contributions

The principle contributions of this paper are summarised as follows.

1 The application of M-APSK to GSM and GSM-CR systems. The motivation for this being its lower PAPR when com-
pared with M-QAM and its adoption in the DVB-S2 standard.

2 An analytical expressions to quantify the average bit error rate (BER) of M-APSK GSM and GSM-CR over fading
channels.

3 The design of secondary mappers for the M-APSK GSM-CR system.
4 Verification of the formulated analytical expressions using Monte Carlo simulations.

1.3 | Structure and notation

The remainder of this paper is structured as follows. Section 2 details the system model for a M-APSK GSM-CR system.
The theoretical BER expressions for M-APSK GSM-CR is derived in Section 4. Section 5 outlines the mapper design.
Section 6 presents the theoretical and simulation BER performance of the system. Finally, Section 7 concludes the
paper.

In terms of notation, this paper represents vectors and scalars in boldface and italics respectively. k � kF , j � j and E {�}
represent the Frobenius norm of a vector, the absolute value of a complex number and statistical expectation, respec-
tively. The ℜ(�) represents the real component of a complex signal. Lastly, b�c represents the floor function of a real
number.

2 | SYSTEM MODEL

The system considered in this paper is an Nt×Nr M-APSK GSM-CR system as shown in Figure 1, where Nt refers to the
number of transmit antennas and Nr is the number of receive antennas. The encoder initially assigns a stream of
b = ba + bs information bits to a spatial symbol (consisting of ba bits) and an M-APSK symbol (consisting of bs bits).
The selection of the transmit antennas refers to the spatial domain transmission while the selection of the symbol refers
to the signal domain. In SM systems, the spatial domain utilises a single antenna whereas GSM systems use a pair of
antennas. The spatial domain consists of all the possible pairs of transmit antennas, where the indices of these pairs

FIGURE 1 System model for GSM-CR
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correspond to spatial symbols. There are
Nt

2

� �
ways to select an antenna pair from Nt transmit antennas. However, it

should be noted that the number of usable antenna pair combinations must be an integer power of two. Thus, the

number of antenna bits is given by ba = blog2
Nt

2

� �
c. These bitsdefine codeword ca which are indexed by k where

k 2 ½0 : 2ba −1�. This antenna pair index defines the antenna pair {k1, k2} to be used during transmission. The selection of
these ba antenna pairs for an Nt ×Nr GSM system is discussed by Başar et al.9

The signal domain in the GSM-CR system comprises two symbols mapped by bs = log2M bits, where M denotes the
order of the APSK modulation scheme used. These bits are mapped to an M-APSK constellation using two bit-to-symbol
mappers, primary mapper ω1 and secondary mapper ω2. The output of these mappers are xq=ω1(q) and ~xq =ω2ðqÞ ,
where q represents the signal domain index and is defined by the range [0:M−1]. The output of the encoder shown in
Figure 1 can be expressed as

xk,q = 0… xq…0… ~xq … 0
� �T

e jθk , ð1Þ

where xk,q is an Nt × 1-dimensional transmission vector and θk is the rotation angle. Başar et al have presented the opti-
mal transmit antenna pairs and the corresponding rotation angle for an Nt×Nr GSM system.9 The same process has
been applied for the proposed M-APSK GSM and M-APSK GSM-CR.

The power of the M-APSK constellation is normalised to ensure that Efjxqj2g=Efj~xqj2g=1. Modulated symbols
xqe jθk and ~xqe jθk are transmitted simultaneously from antennas k1 and k2 over the Nr×Nt MIMO channel H.

The received signal vector is thus given by

y=

ffiffiffi
ρ

2

r
Hxk,q +n, ð2Þ

where y is an Nr×1-dimensional received vector subjected to Nr×1-dimensional additive white Gaussian
noise (AWGN) n. The entries of H and n are independent and identically distributed (i.i.d) according to the
complex Gaussian distribution CN(0,1). H= h1 h2 … hk1 … hk2 … hNt½ � , where hk1 and hk2 are the Nr× 1-dimensional
vectors corresponding to transmit antenna pair index k. ρ is the average signal-to-noise ratio (SNR) at each
receive antenna.

Alternatively, the received vector for the APSK GSM-CR can be represented as

y=

ffiffiffi
ρ

2

r
hkXq +n, ð3Þ

where Xq = xq ~xq
� �T

e jθk is the transmitted symbol pair and hk = hk1hk2½ � is an Nr× 2-dimensional channel matrix
corresponding to the active antenna pair index k.

The receiver employs the ML detection rule for the estimation of transmit antenna pair index and the transmitted
symbol as shown in Equation (4).

½~k, ~q�= min
k̂ 2 ½0 : 2ba −1�
q̂2 ½0 :M−1�

y−
ffiffiffi
ρ

2

r
hk̂Xq̂

����
����
2

F

, ð4Þ

where ~k and ~q represent the estimated transmitted antenna pair index and M-APSK modulated index, respectively.

3 | 16-APSK AND 32-APSK CONSTELLATIONS

APSK constellations exists in multiple modulation schemes. These schemes are termed as n1 + n2 +…+ nl APSK,
where l is the total number of rings and nl is the number of points on the lth ring. 4 + 12 APSK, 5 + 11 APSK, 6
+ 10 APSK and 8+8 APSK are some of the common modulation schemes for 16-APSK. Among them, 4+12 APSK
modulation scheme is proven to exhibit improved error performance, when considering the non-linear
characteristics of a high-performance amplifier.30-32 Similar performance has been observed in 4-12-16
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APSK (32-APSK) modulation scheme.30 Furthermore, it is also worth mentioning that 4+12 APSK and 4+12+16
APSK are the chosen modulation schemes in the latest DVB-S2 standard for satellite communications over non-
linear channels.18

The constellation diagrams for 16-APSK and 32-APSK and the associated bit allocation for mappers ω1 and ω2 in
decimal are shown in Figure 2. In the 16-APSK constellation, the ratio of the outer and inner radii is denoted by β0=R2/
R1 while the ratios in the 32-APSK constellation are defined as β1 = R2/R1 and β2 = R3/R1.

29

The average symbol energy for 16-APSK is calculated as follows:

�ES =
ðR2

1 + 3R2
2Þ

4

=
ð1+ 3β20ÞR2

1

4
:

ð5Þ

Similarly, the average symbol energy for 32-APSK is calculated as follows:

�ES =
ðR2

1 + 3R2
2 + 4R2

3Þ
8

=
ð1+ 3β21 + 4β22ÞR2

1

8
:

ð6Þ

The peak-to-average power ratio may be calculated using the expression below25:

PAPR=10log
max

q=0,1,…,M−1
jxqj2

1
M

XM−1

q=0
jxqj2

0
@

1
A dB: ð7Þ

4 | BER PERFORMANCE ANALYSIS

The output of the GSM-CR detector, shown in Figure 1, estimates two quantities: the active transmit antenna pair and
the transmitted symbol. As a result, the system performance depends on the error rates of these two parameters. Let Pa

FIGURE 2 GSM-CR constellations. Key = ω1/ω2
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denote the probability of the transmit antenna pair being incorrectly estimated, given that the modulated symbol pair is
correctly detected and Pd be the probability of the modulated symbol pair being incorrectly estimated given that the
transmit antenna pair is correctly detected. The overall average BER is then bounded by4

Pe ≈ Pa+ Pd−PaPd: ð8Þ

4.1 | Analytical BER of transmit antenna index estimation (Pa)

The average BER for the transmit antenna index is calculated by assuming the transmitted signal is correctly detected.
The closed-form solution is given by Naidoo et al13 as

Pa ≤
Xc−1

k=0

XM−1

q=0

Xc−1

k̂=0
k̂ 6¼ k

Nðk, k̂ÞμNR
α

XNR−1

w=0

NR−1+w
w

� �
½1−μα�NR

cM
, ð9Þ

where Nðk, k̂Þ is the number of bits in error between antenna pair indices k and k̂ , μα =
1
2 1−

ffiffiffiffiffiffiffiffiffi
σ2α

1+ σ2α

q� 	
, σ2α = ðρ=8Þjxqj2

where xq is defined in Section 2 and c=2ba .

4.2 | Analytical BER of symbol pair estimation (Pd)

The average BER of symbol estimation is derived using the union bound technique.27 Assuming that the transmit
antenna pair is correctly detected, the average BER for symbol pair estimation is bounded by13

Pd ≤
XM−1

q=0

XM−1

q̂=0
q̂ 6¼ q

Nðq, q̂ÞPðxk,q ! xk,q̂Þ
mM

, ð10Þ

where m= log2M , Nðq, q̂Þ is the number of bit errors between symbol pair indices q and q̂. Pðxk,q ! xk,q̂Þ denotes the
pairwise error probability (PEP) of detecting xk,q̂ given that xk,q was transmitted.

The PEP conditioned on H may be expressed as

P xk,q ! xk,q̂ Hð Þ
 �
= P y−

ffiffiffi
ρ

2

r
Hxk,q̂

����
����
2

F

< y−
ffiffiffi
ρ

2

r
Hxk,q

����
����
2

F

 !
=Q

ffiffiffiffiffiffiffiffiffiffiffiXNr

i=1

vi

vuut
0
@

1
A ð11Þ

where vi =
juij2
2 and ui is the ith element of vector u. u=

ffiffiρ
2

p
hk1d1 +hk2d2½ �e jθk , where d1 = xq−xq̂


 �
and d2 = ~xq−~xq̂


 �
.

The derivation of the Q-function can be found in Appendix A1.
In order to evaluate Equation (11), the trapezoidal rule34 for numerical integration is applied to the Q -function,

which leads to

Q ffiffiffi
x

p
 �
=

1
4n

exp −
x
2

� 	
+

1
2n

Xn−1

c=1

exp −
x
Sc

� �
, ð12Þ

where Sc =2 sin2ðcπ2nÞ and n is the number of summations. It is shown by Quazi34 that choosing n greater than six results
in sufficient accuracy in the numerical integration.

Using Equation (12), Equation (11) can be simplified to
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P xk,q ! xk,q̂ Hð Þ
 �
=Q

ffiffiffiffiffiffiffiffiffiffiffiXNr

i=1

vi

s !

=
1
4n

exp −

XNr

i=1
vi

2

0
@

1
A+

1
2n

Xn−1

c=1

exp −

XNr

i=1
vi

Sc

0
@

1
A

=
1
4n

YNr

i=1

exp −
vi
2

� 	� 	
+

1
2n

Xn−1

c=1

YNr

i=1

exp −
vi
Sc

� �� �
:

ð13Þ

The PEP conditioned on H defined in Equation (13) is averaged by integrating over the fading distribution,

P xk,q ! xk,q̂

 �

=
ð∞
0
Q

ffiffiffiffiffiffiffiffiffiffiffiXNr

i=1

vi

vuut
0
@

1
APðviÞdvi, ð14Þ

where the Gaussian function, Q(x), is defined above and the fading probability density function (PDF) of vi is given by26

PðviÞ= 1
�vi
exp −

vi
�vi

� �
, ð15Þ

where the variance �vi is given by

�vi =E
1
2
juij2

� 

=E

1
2

ffiffiffi
ρ

2

r
hi,k1d1 + hi,k,2d2½ �e jθk

����
����
2

( )
=
ρ

4
jd1j2 + jd2j2

 �

, ð16Þ

where the reader is reminded that hi,k1 ,hi,k2 �CNð0,1Þ as defined in Section 2. Since the result in Equation (16) show
that �vi is independent of i, �v= �vi for all i2 [1:Nr].

Substituting Equation (13) in Equation (14), the unconditional probability can be written as

P xk,q ! xk,q̂

 �

=
Ð∞
0

1
4n

YNr

i=1

exp −
vi
2

� 	� 	
+

1
2n

Xn−1

c=1

YNr

i=1

exp −
vi
Sc

� �� �
PðviÞdvi

=
1
4n

YNr

i=1

M 1
2

� �� �
+

1
2n

Xn−1

c=1

YNr

i=1

M 1
Sc

� �� �
,

ð17Þ

where Mð�Þ is the moment generating function (MGF) for Rayleigh Fading and is defined by28

MðsÞ= ð1+ s�vÞ−1: ð18Þ

Since, the MGF is independent of i as shown in Equation (18),
QNr

i=1MðsÞ= MðsÞ½ �Nr . Hence, the average BER
expression of symbol estimation may be obtained by substituting the unconditioned probability derived in Equation (17)
in overall bound defined in Equation (10). The resultant final expression for Pd is as follows:

Pd ≤
1

mM

XM−1

q=0

XM−1

q̂=0
q̂ 6¼ q

Nðq, q̂Þ 1
4n

1+
�v
2

� �−Nr

+
1
2n

Xn−1

c=1

1+
�v
Sc

� �−Nr

: ð19Þ

5 | CONSTELLATION REASSIGNMENT MAPPER DESIGN

In order to achieve LD, CR requires the use of primary and secondary mappers. For the M-APSK GSM-CR system, pri-
mary mapper (ω1) is designed to follow a Gray-coded structure, which is proven to be optimal as discussed by Samra
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et al.15 As discussed in Section 1, there is no precedence for the design of secondary mappers (ω2) for the M-APSK con-
stellations considered in this paper. Thus, the generic approach proposed by Patel et al23 for LD systems is adopted in
this paper. This approach utilises a GA to design secondary mappers for space-time labelling diversity (STLD) systems.
Since both STLD and CR systems require a secondary mapper to achieve LD, this algorithm is adapted and applied for
the M-APSK GSM-CR system.

The analytical expressions derived in Section 4 for the error performance of M-APSK GSM-CR system are used to
guide the mapper design process. In particular, since CR only affects the probability of a symbol pair estimation error
(Pd), the results of Section 4.2 form the framework for this design. The first stage of this design is similar to that
employed by Xu et al,14 which considers a high SNR approximation of the symbol pair estimation, Pd. At high SNR, the
Rayleigh fading MGF (defined in Equation 18) is dominated by its second term. As such, following on from Equa-
tion (19), Pd at high SNR is approximated as

Phigh SNR
d ≤

1
mM

XM−1

q=0

XM−1

q̂=0

Nðq, q̂Þ 1
4n

ρ

8
jd1j2 + jd2j2

 �� 	−Nr

+
1
2n

Xn−1

i=1

ρ

4Si
jd1j2 + jd1j2

 �� �−Nr

, ð20Þ

where Equation (16) has been substituted into the expression. It is thus apparent that the performance of the system is
dependent on the sum of the squared distances, given by

D= jd1j2 + jd2j2 = jxq−xq̂j2 + j~xq−~xq̂j2: ð21Þ

Higher values of D result in lower probability Pd. Thus, the error floor of Pd is set by the minimum value of D ,
which is denoted as Dmin. It then follows that the overall objective of mapper design for CR systems is to produce map-
per ω2 given ω1 in order to maximise Dmin.

5.1 | Description of GA

The GA described by Patel et al23 considers the case where ω1 is known and ω2 is desired. The output of this algorithm
is obtained from an iterative heuristic search through the candidate mapper space.

The block diagram in Figure 3 provides a high-level illustration of the GA designed by Patel et al.23 Candidate sec-
ondary mappers are encoded into data structures called ‘chromosomes’, which consist of subunits referred to as ‘genes’.
The set of chromosomes considered at each iteration of the algorithm is referred to as the ‘population’. The notation
used in this section is to represent genes, chromosomes and the population with variables ε, E and ϱ, respectively.

In the remainder of this section, the authors provide a summarised discussion of each stage of the GA.

5.1.1 | Genetic coding

‘Genetic coding’ is the term used to describe the representation of each candidate mapper as a chromosome. Each chro-
mosome consists of genes, εi, i 2 [1 : M], each of which corresponds to a symbol from the M-APSK constellation. The
corresponding value assigned to each gene of the chromosome is the binary value associated with that constellation
point. Thus, the chromosome E is defined by

E = ε1ε2…εM−1εM½ �: ð22Þ

FIGURE 3 Block diagram

of genetic algorithm for CR

mapper design. EP1,EP2 =

parent chromosomes. EC1,EC2

= child chromosomes
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An illustration of the 16-APSK and 32-APSK constellations considered in this paper, explicitly showing the location
of each gene, is given in Figure 4.

5.1.2 | Generating a population of chromosomes

The population of chromosomes refers to the set of candidate secondary mappers evaluated by the GA at each iteration.
Hence, the population during the nth iteration, ϱn, is defined as

ϱn = E1,n E2,n … Eðz−1Þ,n Ez,n
� �

, ð23Þ

where z is the number of chromosomes in the population. As suggested by Patel et al,23 the initial population ϱ0ð Þ con-
sists of a set of z chromosomes selected at random from the M! candidate mapper space.

5.1.3 | Crossover and mutation

The processes of crossover and mutation are the most important elements of the GA.35 Crossover and mutation model
the biological process of evolution to generate progressively more optimal population ϱ at each iteration. Hence, the
population ϱn+1 is more optimal than ϱn.

The κ-point hypersphere swap crossover (κ-HSX) proposed by Patel et al23 for STLD mapper design is implemented
for this GA. The authors note that the goal of mapper design in STLD and CR systems are similar, thus no modifica-
tions to κ-HSX are needed to apply it in the CR context. The reader is referred to the original work23 for full details of
the κ-HSX process, including a procedural example of the swapping process.

Mutation is a random event that occurs when a child chromosome undergoes further changes after crossover. The
probability of a mutation occurring for a given child chromosome is denoted Pmutation. If a mutation occurs, two genes
are randomly selected from the child chromosome and swapped. Patel et al23 highlight that, unlike crossover, no prop-
erties from the parent chromosomes are used to inform this swap.

5.1.4 | Pruning

The purpose of pruning at end of each iteration is to discard the least-fit chromosomes from the population. This is

done to model the biological process of ‘natural selection’. In the GA for mapper design, 2×
z
2

� �
chromosomes are dis-

carded at the end of each iteration. In this way, the population size at the start of each iteration remains fixed at z.

FIGURE 4 Illustrating the position of genes in M-APSK constellations
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When pruning the population, a metric to quantitatively evaluate chromosomes is necessary. As mentioned previously,
the error floor of the symbol pair estimation probability of the GSM-CR system is set by the minimum summed-squared
distance, Dmin. This suggests that an appropriate fitness function to evaluate chromosome E when pruning is given by

ΨðEÞ= min
q, q̂2½0:M−1�

jxq−xq̂j2 + jωEðqÞ−ωEðq̂Þj2
� �

, ð24Þ

where ωE is the mapper represented by chromosome E . Equation (24) is obtained from Equation (21) by obtaining ~xq
and ~xq̂ from ωE . Thus, the z chromosomes with the highest fitness, evaluated using Equation (24), form the population
ϱn+1 at the end of the pruning stage.

The authors emphasise that the fitness function in Equation (24) is the key difference between the GA for CR sys-
tems and its original variant for STLD systems.23

5.1.5 | Termination

Termination of a GA occurs when the population is deemed to contain an optimal solution or if the algorithm deter-
mines that no feasible solution can be found.

As suggested by Patel et al,23 the population is said to contain an optimal solution when all chromosomes converge
to the same genotype (i.e., they all have the same fitness). All chromosomes in the population are then considered
equally optimal, and any of them may be selected as the output.

Patel et al23 also constrain the algorithm to run for a maximum of nmax iterations to ensure that it is computation-
ally feasible, where nmax � M5. If the maximum number of iterations is reached, it is assumed that the GA will not con-
verge. In this case, the fittest chromosome from the population is selected as the output.

5.1.6 | Implementation

When implementing the algorithm to produce secondary mappers for the context of CR for 16-APSK and 32-APSK con-
stellations, the following parameters were used: z = 8 and Pmutation = 0.1. The κ-HSX algorithm is implemented with
parameter κ= M−4

2 . The maximum number of iterations for the GA is set to nmax= 104 for 16-APSK and nmax = 106 for
32-APSK constellation.

6 | RESULTS AND DISCUSSION

The section begins with a discussion of the PAPR comparison between M-APSK constellations and the more widely
used M-QAM constellations. The values for M-APSK and M-QAM PAPR were obtained using Equation (7) and are
shown in Table 1. It is clearly evident that the lower number of amplitude levels in APSK constellations results in a
lower PAPR when compared with QAM.12 This characteristic of APSK constellations justifies its adoption in long-range
wireless communication systems. This motivates for the application of M-APSK constellations to advance SM systems
such as GSM and GSM-CR in this paper. Consequently, the performance study of the proposed M-APSK GSM and M-
APSK GSM-CR systems is presented in what follows.

The performance of the proposed systems is presented in terms of the average BER analytical expression developed
in Section 4. These results are validated using Monte Carlo simulations for various antenna array sizes and configura-
tions. Thereafter, performance comparisons are made between SM, GSM and GSM-CR systems with equivalent spectral
efficiencies. In the performance study, assume Nr = 4 and that the channel remains constant for the duration of a single
transmission.

Monte Carlo simulations were performed using the ML detection rule defined in Equation (4) with the following
assumptions: Rayleigh flat fading channel, full knowledge of channel at the receiver, the antennas at the transmitter
and receiver are separated wide enough to avoid correlation, maximal ratio combining reception is used at the receiver,
and the total transmit power is split equally between the two active transmit antennas. Rotation angles and the selec-
tion of the transmit antenna pairs are based on the design proposed by Başar et al.9 The transmit antenna pairs used for
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M-APSK GSM and M-APSK GSM-CR were obtained from Başar et al for a 4 × Nr and 6 × Nr and shown in Tables 2 and
3, respectively.9 Since it is not possible to derive rotation angles for M > 4,9 an exhaustive search via computer simula-
tion is conducted to maximise the average BER performance. The results obtained are outlined in Tables 2 and 3.
Figures 5–8 show the average BER of SM, GSM and GSM-CR with various AASC. In order to ensure a fair comparison,
identical spatial mappings were employed for both GSM and GSM-CR systems. The simulation results for all cases of
GSM and GSM-CR systems are observed to closely follow the union bound in high SNR region, thus verifying the ana-
lytical average BER expressions derived in Section 4. It is also evident that in all cases, the GSM-CR outperforms the
GSM and SM systems. Figures 5 and 6 show the average BER for 4 × 4 antenna configuration for 16-APSK and
32-APSK, respectively. These correspond to spectral efficiencies of 6 and 7 bits/s/Hz, respectively. As the graphs in
Figure 5 show, the 16-APSK GSM-CR system achieves the gain of 2.5 dB over its equivalent GSM system and 1.5 dB in
comparison with its equivalent SM system at BER of 10−5. Furthermore, GSM systems are shown to have slightly
degraded performance in comparison with SM. The higher error probability of detecting two transmit antennas in
GSM, in comparison with the single transmit antenna detection in SM, is the reason for the degraded performance.5 In
Figure 6, the 32-APSK GSM-CR systems achieves gains of 2.2 and 2dB at BER of 10−5 in comparison with its equivalent
GSM and SM systems, respectively. Figures 7 and 8 show the average BER for 6 × 4 antenna configuration for 16-APSK
and 32-APSK, respectively. These correspond to spectral efficiencies of 7 and 8 bits/s/Hz, respectively. It can be seen in
Figure 7 that the 16-APSK GSM-CR system achieves the gain of 2.5 dB over its equivalent GSM system and 1.5 dB in

TABLE 1 PAPR of M-APSK and M-QAM constellations

16-APSK 16-QAM 32-APSK 32-QAM

PAPR (dB) 1.1 2.6 1.9 3.2

TABLE 2 4 × Nr antenna pairs

Antenna array sizes and configurations 4×Nr

Transmit antenna pair (1,3) (1,4) (2,3) (2,4)

Rotation angle (16-APSK) 0 π/4 π/4 0

Rotation angle (32-APSK) 0 π/4 π/4 0

TABLE 3 6 × Nr antenna pairs

Antenna array sizes and configurations 6×Nr

Transmit antenna pair (1,2) (3,4) (5,6) (2,3) (4,5) (1,6) (1,3) (2,4)

Rotation angle (16-APSK) 0 0 0 π/3 π/3 π/3 2π/3 2π/3

Rotation angle (32-APSK) 0 0 0 π/6 π/6 π/6 π/3 π/3

FIGURE 5 Average BER—6 bits/s/Hz configuration
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comparison with its equivalent SM system at BER of 10−5. In Figure 8, the 32-APSK GSM-CR systems achieves gains of
2 and 1.2 dB at BER of 10−5 in comparison with its equivalent GSM and SM systems, respectively. It should be noted
that similar performance improvements were observed in M-QAM GSM-CR over SM and GSM in the original work
done by Naidoo et al.13

FIGURE 6 Average BER—7 bits/s/Hz configuration

FIGURE 7 Average BER—7 bits/s/Hz configuration

FIGURE 8 Average BER—8 bits/s/Hz configurations
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The performance gains for the M-APSK GSM-CR system over the M-APSK GSM system in various AASC is attrib-
uted to the improved error performance of symbol pair estimation, Pd. This is due to the introduction of labelling diver-
sity in the system. Since Pd has been significantly improved, using Equation (8), it can be concluded that the overall
probability of the system is now bounded by Pa if Pd approaches 0. Hence, for future works, the next logical step would
be to improve the average BER of transmit antenna pair estimation, Pa, in order to further improve link reliability of
GSM systems.

7 | CONCLUSION

This paper presents a performance study of an M-APSK GSM-CR system. An analytical framework for the average BER
is formulated for the M-APSK GSM-CR system. The framework guides the design of the GA used to develop secondary
mappers for APSK. The first set of results focus on a PAPR comparison between M-APSK constellations to M-QAM. As
expected, the APSK constellations achieve a lower PAPR as compared with QAM. The second set of results focus on val-
idating the theoretical expression derived by the results of Monte Carlo simulations, which show a tight bound in the
high SNR region. The results presented further show that the M-APSK GSM-CR outperforms its equivalent GSM and
SM systems in various antenna array sizes and configurations. A 4 × 4 16-APSK GSM-CR systems achieve gains of
2.5 dB over its equivalent GSM system and 1.5 dB in comparison with its equivalent SM system at BER of 10−5. Similar
gains are evident for 32-APSK and at various different spectral efficiencies.

8 | FUTURE WORKS

This paper opens up the possibility of future research work to be done in multiple areas. Firstly, the error performance
may be improved by application of more recent APSK constellations with the proposed GSM-CR system. The NE-APSK
constellations21 is one such constellation that may be considered for the proposed system. The generic mapper design
detailed in this paper allows the system to generate secondary mappers for any type and size of constellations. Secondly,
it has been shown in this paper that the overall probability of a GSM-CR system is bounded by the error probability of
antenna pair estimation. The focus should therefore be to enhance Pa in order to further improve the link reliability of
GSM and GSM-CR systems. Lastly, there have been more advanced SM systems that further improve performance
when compared GSM-CR such as ST-QSM, GQSM and EQSM.36-38 In future work, the authors will consider the appli-
cation of circular constellations to such systems.
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APPENDIX A: DERIVATION OF THE Q-FUNCTION DERIVATION

In this section, the derivation of the Q-function for the proposed system is shown.
Rewriting using alternative notation shown in Equation (3) yields

P xk,q ! xk,q̂ Hð Þ
 �
=P

ffiffiρ
2

p
hk Xq−Xq̂

� �
+n

�� ��2
F
< nk k2F

� 	
=P

ffiffiρ
2

p
hk1 xq−xq̂
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e jθk +hk2 ~xq−~xq̂

 �

e jθk
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where d1 = xq−xq̂
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and d2 = ~xq−~xq̂
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Let u=

ffiffiρ
2

p
hk1d1 +hk2d2½ �e jθk , the PEP in Equation (A1) can be resolved to
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where ni and ui are the ith element of vectors n and u, respectively.
From the definition of AWGN in Section 2, ni follows the distribution given by ni�CN(0,1), where i2[1:Nr]. In addi-

tion, n∗
i ui is also a complex Gaussian random variable due to the conditional PEP in Equation (A1) assuming perfect

knowledge of all channels. Therefore, ℜ n∗i ui

 �

is a Gaussian random variable with zero mean and variance σ2i =
juij2
2 .

Dividing both sides of the conditional probability by the square root of the variance yields an expression in terms of
the definition of the Gaussian Q-function,33 QðxÞ= 1

π

Ð π
2
0exp

x
2sin2ðyÞ

� 	
dy, as follows:
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