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ABSTRACT. The purpose of this work is to introduce and study a new type of
a relaxed extrapolation iterative method for approximating the solution of a
split monotone inclusion problem in the framework of Hilbert spaces. More so,
we establish a strong convergence theorem of the proposed iterative method
under the assumption that the set-valued operator is maximal monotone and
the single-valued operator is Lipschitz continuous monotone which is weaker
assumption unlike other methods in which the single-valued is inverse strongly
monotone. We emphasize that the value of the Lipschitz constant is not re-
quired for the iterative technique to be implemented, and during computation,
the Lipschitz continuity was not used. Lastly, we present an application and
also some numerical experiments to show the efficiency and the applicability
of our proposed iterative method.

1. Introduction. Let H be a real Hilbert space with an induced norm | - ||
= +/{(-,"). The Monotone Inclusion Problem (MIP) is defined as:

Find « € H that solves 0 € (A+ A;)(x), (1)

where A : H — H and A; : H — 29 are monotone operators. It is well known
that if A; = N¢ is the normal cone of some nonempty closed and convex subset C
of H, then problem (1) becomes the classical Variational Inequality Problem (VIP)
(see [15,16,28]). There are several problems in the real world that can be formu-
lated as the problem (1). It is important in many different types of mathematical
optimizations problems, including variational inequalities problems, minimization
problems, linear inverse problems, saddle-point problems, fixed-point problems, s-
plit feasibility problems, Nash equilibrium problems in non-cooperative games, and
many others (see [6,11-14,29] and the references therein). Due to the fruitful ap-
plications of problem (1), several authors have introduced and studied different
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iterative techniques to solve problem (1). Among many others, the simplest itera-
tive technique for solving problem (1) is the well known forward-backward splitting
technique (see [13,23]). The iterative technique is defined as

{xo cH (2)

Tpy1 = J:\ql(xn — Muz,,),

where A > 0 and J )’\4 U= (I +XA)~L. The iterative technique converges weakly to a
solution provided that A is a-inverse strongly monotone. In the iterative technique
(2), the individual steps within each iteration involve forward evaluations in which
the value of the single-valued operator is computed and the backward evaluations
in which the re-solvent of the set-valued operator is computed rather than their
sum directly. In addition, the Tseng in [31], introduced and studied a modified
forward-backward splitting technique. The method is defined as follows.

ro € H
Tn+1 = Yn — )\n(Ayn - A.]?n),

where {\,} C [a,b] C (0, 7). It is well known that the Lipschitz constant of an
operator is often unknown or very difficult to find or estimate depending on how
the operator is being defined. This condition makes the iterative technique difficult
to apply to real life problems.

An interesting generalization of the MIP was introduced and studied by Moudafi
in [24]. Moudafi [24], introduced and studied the Split Monotone Inclusion Problem
(SMIP). The problem is defined as

Find x € H; that solves 0 € (A+ Ay)(x) (4)
such that
y = Tx € Hy that solves 0 € (B + By)(y), (5)

where A : H; — H,, B : Hy — Hy are single valued operators, A, : H; — 271 B :
H, — 292 are multi-valued operators and T : H; — H, is a bounded linear
operator. Furthermore, a number of real-world problems can be mathematically
represented as SMIP (4) and (5), including signal processing, image restoration,
sensor networks, computer tomography, data compression, linear inverse problems,
and machine learning (see, for example, [11,13,15,24] and the references therein).
It is well known that if Ay = Ng and By = Ng, in problem (4)-(5), where N¢
and Ng are the normal cone associated with C' and @, respectively. Then the
SMIP becomes the classical split variational inequality problem (see [9,10]). In
addition, we get the SCNPP (see [8]) as a special case in problem (4)-(5) if we
put A =0 = B. As a result, it is clear that problems (4)-(5) are highly generic
in nature and naturally contain a wide range of significant optimization issues,
including split saddle-point problems, split equilibrium problems, split minimization
problems, and split common fixed point problems. Moudafi [24], gave the following
iterative technique

xr € H1
6
{xn+1 A — )y + TP uB) - )T, O
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where v € (0, HTII) I [H2 are the identity operator on H; and Hy respectively,

and J ;:‘1 and J, f 1 are the re-solvents of A; and Bj, respectively. He established that
the iterative sequence {z,, } generated by Algorithm 6 converges weakly to a solution
of (4)-(5) in as much the solution set of problem (4)-(5) is nonempty, A;, By are
maximal monotone, and A, B are inverse-strongly monotone. Since the introduction
of the SMIP, many authors have proposed and studied different iterative techniques
to solve the SMIP ( see [17,20,27,32] and the references therein). However, all of
these authors use the assumption that the operators A and B are inverse-strongly
monotone, which may rule out some of the potential applications of these techniques.

Remark 1.1. It is therefore natural to ask, if an iterative technique can be devel-
oped with a weaker operator.

Izuchukwu et al., [19] provided an affirmative answer to the above remark by
introducing the following iterative technique to solve the problem (4)-(5). In par-
ticular, they proposed the following iterative technique

Algorithm 1.2. Initialization Step: Choose xq,x1 € H, given the iterates x,_1

and x,, for allm € N.
Step 1: Compute

Wy = Ty + O (T, — Tpo1),
Yn = J)\ (Twn AnATwn)a

where d,, := Twy, — yp — A (ATw,, — Ayp), N = %%”%”d" if d,, # 0, otherwise,
Nn =0 and

1 H | Twn —yn | .
min { (R g e A, if T # T
Anet = (™)
Ans otherwise.

Step 2: Compute
Up = Wnp, + ’YnT*<Zn - Twn)7 (8)

HTwn*Zn”z

where vy, is chosen such that for small enough € > 0, 7, € |¢, TP Twn—2s)F € if

Tw, # zy, otherwise 7y, = 7.
Step 3: Compute

Uy = Jfll (vp, — v Buy,),
tn, = vp — Pwpby
where by, = vy — Up — vp(Bv, — Buy), w, = % and if b, # 0, otherwise,
wnp, =0 and
min { ||AEL;27JL11”BZ:”} ’ Vn} Zf Tn 7é Tn—1
Vnt+1 = (9)
Un, otherwise.
Step 4: Compute

Tn+l = (1 - an)wn + ant'ru (10)
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where J /‘\4: and JP1 are the re-solvents of A; and By, respectively. They established
that the iterative sequence {z,} generated by Algorithm 1.2 converges weakly to
a solution of (4)-(5) in as much the solution set of problem (4)-(5) is nonempty,
Ay and Bj are maximal monotone, A, B are monotone and Lipschitz continuous
with Lipschitz constant L; and Lo, respectively. However, we observe the following
regarding the iterative technique 1.2.

1. The authors established weak convergence. It is well known that strong con-
vergence is more desirable in this area of research.

2. The authors claim that the value of the Lipschitz constant is not required.
However, they used the fact that the operator is Lipschitz in their computa-
tion, thus, at some point the value of the Lipschitz constant might be needed
(see ).

In order to speed up the process of solving the smooth convex minimization
problem, Polyak originally presented and examined the idea of inertial extrapolation
in [25] in 1964. Since then, scientists have employed this method to accelerate the
rate at which many iterative processes converge. Since its conception, the inertial
extrapolation approach has been refined, extended, and generalized by numerous
authors; see [1-5,21,27,33,34] and the references therein. Relaxation techniques
have shown to be an effective method for improving the rate of convergence in this
field of study. It’s common knowledge that when inertial and relaxation techniques
are combined, the results increase and the rate of convergence is higher than when
either approach is used alone.

Motivated by the works of Moudafi [24], Shehu et. al., [27], Izuchukwu [19], Yao
et. al., [32], Censor et al., [9] and the recent interest in this direction of research,
our purpose in this study is to introduce and study a new inertial viscosity iterative
technique for solving problem (4)-(5) in real Hilbert spaces. Our proposed iterative
technique has the following properties.

1. The iterative sequence generated by our proposed iterative technique con-
verges strongly, unlike the result obtained in [19].

2. Our proposed iterative technique does not require the strongly inversely mono-
tone assumption on the operator A and B, which are used by authors in the
literature (see [17,20,27,32] and the references therein). Instead, our proposed
iterative technique requires that the operators A and B are to be monotone
and Lipschitz continuous. In addition, the value of the Lipschitz constant is
not relevant and the fact that the operator is Lipschitz is not used in our
computation.

3. Our proposed iterative technique is made up of a new type of relaxed inertial
technique, which helps speed the rate of convergence of the technique.

The rest of this paper is organized as follows: In Section 2, we recall some useful
definitions and results that are relevant for our study. In Section 3, we present our
proposed method and highlight some of its useful features. advantages over other
existing algorithms. In Section 4, we establish strong convergence of our method
and in Section 5, we applied the obtained result to the Split Equilibrium Problem
(SEP). Lastly in Section 6, we present some numerical experiments to show the
efficiency and applicability of our method in the framework of infinite dimensional
Hilbert spaces and in Section 7, we give the conclusion of the paper.

2. Preliminaries. In this section, we begin by recalling some known and useful
results which are needed in the sequel.
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Let H be a real Hilbert space. The set of fixed points of a nonlinear mapping
T : H — H will be denoted by F(T), that is F(T) = {z € H: Tx = z}. We
denotes strong and weak convergence by ”—” and ”—", respectively. For any
x,y € H and « € [0,1], it is well-known that

[ =yl = [l = 2(z,y) + [ly]*. (11)

2 +ylI* = [|l21* + 2(z, y) + [ly]*. (12)

& =yl < [lz] + 2(y, = — y). (13)

4+ ylI* < ll2]|? + 2(y, = +y). (14)

laz + (1= @)y|* = allz]* + (1 - a)llyl|* — a(l — )|z — y|*. (15)

Definition 2.1. Let T : H — H be an operator. Then the operator T is called
1. L-Lipschitz continuous if there exists L > 0 such that

[Tz —Ty| < Ljjz —yll,

for all x,y € H. If L =1, then T is called nonexpansive;
2. monotone if

(Tx —Ty,x —y) >0, Vz,y € H;
3. Ta-inversely strongly monotone if there exists a > 0, such that

(Tx —Ty,x —y) > a||Tz — Ty||?>, Vz,y € H.
If B is a multivalued operator, that is, B : H — 27 then B is said to be monotone,
if

(x —y,u—v) >0Ve,y € H, ue B(x), ve By),
and B is maximal monotone, if the graph G(B) of B defined by
G(B):={(z,y) € Hx H:y € B(x)}

is not properly contained in the graph of any other monotone operator. It is gener-
ally known that B is maximal monotone if and only if for (z,u) € Hx H, (v —y,u—
v) > 0 for all (y,v) € G(B) implies that v € B(x). Then the resolvent operator
JB . H — H associated with B is defined by

J2(x) = (I +AB) Y (z), Vo H,

where A > 0 and I is the identity operator on H.
Let C be a nonempty, closed and convex subset of H. For any u € H, there exists
a unique point Pou € C such that

Ju — Peull < min{]lu — || ¥y € C}.
The normal cone of C' at a point say = € H is given as
Ne={z€H:{(z,y—2)<0VyeC}

if x € C and 0 otherwise.
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Lemma 2.2. [26] Let {a,} be a sequence of positive real numbers, {an} be a
sequence of real numbers in (0,1) such that > o, a, = 0o and {d,} be a sequence
of real numbers. Suppose that ?

ant1 < (1 — an)an + apdy,n > 1.
If limsupy,_, o, dpn, <0 for all subsequences {an,} of {an} satisfying the condition

liminf{a,,+1 — an, } >0,
k—o0 )

then, lim a, = 0.

k—o0
Lemma 2.3. [22] Let H be a real Hilbert space, A: H — H be a monotone and
Lipschitz continuous operator and Ay : H — 28 be mazimal monotone operator,
then, (A+ Ay) : H — 2% is mazimal operator.

3. Proposed Algorithm.
Assumption 3.1. Condition A. Suppose

1. Hy and Hy are two real Hilbert spaces.
2. By : Hi — 2% and Ay : Hy — 292 be mazimal monotone mappings and
T : Hi — Hy is a bounded linear operator with the adjoint operator T™*.
3. B: Hy — Hy and A : Hy — Hy are monotone and Lipschitz continuous with
Lipschitz constant Ly and Lo, respectively.
. [+ Hy — Hy is a contraction mapping with k € [0,1).
The solution set of problem (4)-(5) is denoted I' # ().

Condition B. Suppose that {a,} is a real sequence such that

v B

1. a, C (0,1),limy, oo 0, =0 and Y, vy = 00.
2. {en} is a positive integer such that o(c,) = €, means that lim,_, <= = 0.

We present the following iterative algorithm.

Algorithm 3.2. Initialization Step: Given I, > 0,pu,a,1,5 € (0,1),0,( €
(0,2). Choose xg,x1 € Hq, given the iterates x,,_1 and x,, for alln € N.

min {6, M}, if Ty # Tp—1
b = (16)
0, otherwise.
Step 1: Compute
wp = (1 —ap)zn, + (1 — ap)bp(xn — Tp_1),
Yn = I3 (Tw, — Ay ATwy,),
zn = Twy, — (pdy,
where ?dy, = Twy, — yn — M (ATw, — Ayn), 1, = (1 — M)iﬂTT"gn_ll?é"”z if dp, # 0,
otherwise 0, = 0 and \, is chosen to be the largest X\ € {I', 'l I'I?,---} satisfying
N ATw, — Ay, || < T — yall (17)
Step 2: Compute
Vn = Wy + YT (20 — Twy,), (18)
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2
where v, is chosen such that for small enough € > 0, 7, € |¢, % —el| if

Twy, # zn, otherwise v, = 7.
Step 3: Compute

Up = J,ﬁl (vn, — v Buy),
tp, = vp — ¢Wnbn
where by, = vy, — Uy — Vp(Bvy — Buy), w, = (1 — a)% if b, # 0, otherwise
wp = 0 and v, is chosen to be the largest v € {p, 0], pj%, -+ } satisfying
v||Buy, — Buy || < af|vn, — un |- (19)
Step 4: Compute
Tnt1 = anf(xn) + (1 — ap)ty. (20)

Remark 3.3. 1. The choice of the step size -, in Algorithms 3.2 do not require
the prior knowledge of the operator norm ||T||. In addition, the step size is
well defined. To see this, observe that

Proof. Let p € I, observe that
20 = Tpll* = | Twn — (i — Tp|?
= ”Twn - TpH2 + HQ?ndnHQ - 2C77n<Twn - Tp, dn> (21)

We now estimate (Tw,, — Tp,d,). Since p € T, then 0 € (4; + A)Tp and since
Yn = anl (Twy, — A\yATw,,), we have

Ay, + )\in(Twn — MATw, —y,) € (A1 + Ay, (22)
Using Lemma 2.3, we have (y, — T'p, Ay, + )\%L(Twn — MATw, —yn)) > 0,
as such, we have (y, — Tp, Tw,, — yn — M (ATw, — Ay,)) > 0.
(Twy, — Tp, dy)
= (Twn — Yn + Yo — Tp,dy)
= (Twn = yn,dn) + (yn — Tp, dn)
= (Twyp, — Yn, Twy, — Yn — An(ATw,, — Ayy))
+ (Yn — Tp, Twyn, — Yn — A (AT W, — Ayy))
> (1= p)||Twn — yn||2 + (Yn — Tp, Twy, — Yn — A (ATw,, — Ayy)
> (1= @) Twn = yal*. (23)

Thus, using 7, = (1 — u)%, we have (21)
llzn — Tp||2 < || Twy, — Tp||2 + ||<77ndn||2 =200 (1 — )| Twy, — ynH2
= || Tw, — Tp||2 + ||<77ndn||2 - 2C||77ndn||2
(2-9

= || Tw, — Tp||* - B 1 Twn = 20|?

< ||Tw, — Tp]*. (24)
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Using the Cauchy-Schwarz inequality and (24), we have
[T (Twn = 2zn)llwn = pll = (T*(Twn — 2n), wn — p)
= (Twy, — 2n, Tw, — Tp)

[ITwn = 2all* + | Twn — TPl = |20 — Tp]?]

1
2
1 2
> 51 Twn — 2. (25)
Since z,, # Twy,, we have [|[Tw, — z,|| > 0, thus, we obtain that
IT*(Twn = 2n)llwn = pl| > 0.
Hence, we have ||T*(Tw, — zn)|| # 0 and so ~, is well defined. O

2. We note that, {e,} is a positive sequence such that €, = o(«,,), which means
that lim <= = 0. Clearly, we have that 0,|z, — z,—1|| < €, for all n € N,

n—roo n

which together with lim = =0, it follows that
n—oo n

0
lim — ||z, — z,_1]| < lim .
n—00 Uy, n—00 Uy,

It is worth mentioning that, we can take a,, = 1/(n+1)? and €, = 1/(n+1)*77,
where p € [0,1/2).
3. It is well known that the Armijo-like search rule (17) and (19) are well defined.

4. Convergence analysis.

Lemma 4.1. Let {x,} be a sequence generated by Algorithm 3.2, under Assumption
3.1, we obtain that {x,} is bounded.

Proof. Let p € T'. By using the definition of w,, in Algorithm 3.2, we obtain
[wn = pll = [|(1 = an)zn + (1 — )0n (20 — 2p—1) — 1|
= H(l - O‘n)(xn —p)+(1—- O‘n)en(xn - xnfl) - aan
< (1 —an)l@n —pll + (1 = an)0n||lTn — 21l + an|pl|

n

On
(1= allon = ol + 0 (1= @) 2 i~z + |- (26)
Using (65), we have 2=z, — 2,_1| < £ — 0. Hence, we have

. On
i (1= @) 2% i — 201 + | = Il

n— oo

hence, there exists N > 0 such that (1 — a,) ¥

v
Qn

Xy — Zp—1|| + ||p|]] £ N. Thus, (26)

becomes
lwn = pll < (1 = an)llzn —pll + anN
< |lzn = pl + anN. (27)
In addition, using, (21), (23) and (24), we have
[zn = Tpll < | Twn — Tpl|. (28)

Furthermore, using Algorithm 3.2 and the step size, we have

[on, — pl?
= ||wn + 'VnT*(Zn - Twn) - p”
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= wn = plI* + V2T (20 — Twa) |* + 2y (wn — p, T* (20 — Twy))
= llwn = pl* + 72 I T* (20 — Twn)[I* + 270 (Twy, — Tp, 2 — Twn,)
= llwn = plI* + 72T (20 — Twn)lI” + Az — Tpll* = 7ol Twn — Tpl®
~ Yllzn — Twy?
< lwn = plP* + 72 T* (20 = Twi) |? + Al Twn — Tpl* = 7| Tw, — Tplf?
~ Yullzn — Twy?
< lwn = pl* + 72T (20 — Twn) I = (3 + T (20 — Twy) |12
= llwn = pl* = el T* (20 — Twn)||* < [lwa —pl?, (29)
which implies that

[vn = pll < lwn = p. (30)
Using similar approach as above, we have
2-9¢
e =51 < o =12 = E=D o~ < Jon sl 30)
which implies that
l[tn = pll < flon —pl|- (32)

Lastly, using Algorithm 3.2, (32), (30) and (27), we have
[Zn+1 = Il = llan f(@n) + (1 = om)tn|

< anllf(2n) = FP)I + anllf(p) — Pl + (1 — an)[tn — pll
< apkllzy, — pll + an f(p) — pll + (1 — au)|ltn — pll
< ankljzn — pll + anllf(p) — pll + (1 — an)lon — pl|
< ankljzn — pll + anl[f(p) = pll + (1 — an)[lwn —p
< ankllzn = pll + anllf(p) — pll + (1 = an)[llzn — pl + anN]
< apkllzn — pll + anll f(p) — pll + (1 — an)llzn — p|| + an N

= (1 an(1 = &) — pll + an(l — k) [N+f(p>—pll]

(1—k)
N +f(p) — 1l
< — _— ).
< max{”wn plls = (33)
It follows by induction
N+lfp) —p
lzn —p| < max{”xo -l W . (34)
Hence, {z,} is bounded. O

Theorem 4.2. Let {x,} be the sequence generated by Algorithm 3.2. Then, under
the Assumption 3.1, {x,} converges strongly to p € ', where p = Pr o f(p).

Let p € T', using Algorithm 3.2, we have

lwn — pIf?

= ||lzp + 0n (20 — Tp_1) — Ty — Opon(p — 20_1) — p||?

= [[(1 = an)(@n = p) + (1 = @)bn(zy — Tn1) — anpl|?

<@ = an)(@n —p) + (1 = an)fp(@n — zn1)|* + 200 (p, wn — p)
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= (1= ap)?||lzn =l + (1 - O‘n)Qainn — 2
+ 200 (1 — an)llzn — plllzn — 2n-1ll + 200 [(p, wn — Zns1) + (P, Tns1 — p)]
< (1= an)?llzn = pl* + (1 = an)bpllzn — @n-1l?

+20,(1 — an)l|zn — pllllzn — zp-1ll + 200 [(p, wn — Tnt1) + (P, Tns1 — p)]

<(1- an)2”$n —p||2 +(1- an>29n|‘xn — Tn-1|[Onl|zn — zn-1ll + 2[|zn — pl]]

+ 2an|pll|wn = Tnia || = 200 (p, p — Tny1)

< (1 —an)llzn =l + Oullzn — zaal|M — 200 (p,p — Tp41)

+ 2an|pl |01 — wnl, (35)
where M = supnen{Onl||n — Tn_1||,2||zn — p||}. In addition, using Algorithm 3.2,
(32), (30), and (35), we have

Znt1 = plI?
= llanf(zn) + (1 = an )ty —p?
= an(f(@n) = f(0)) + (1 = an)(tn — p) + an(f(p) — p)|?
< lan (f@a) = £(0)) + (1= o) (tn = p)I* + 200 (£ (p) = P), Tns1 — D)
< ank®[|lzn = plI® + (1 = an)[tn = pII* + 200 ((f(p) = P), Tnt1 — P)
< apkllzn _pH2 + (1= an)flvn — p||2 + 205, ((f(p) = P)s Tn+1 — p)
< ankllzn —p||2 + (1 = apn)lfw, — pH2 + 200, ((f(p) = P), Tnt1 — P)
< apkllzn —p||2 + (1= a)[(1 = an)llzn — p”2 + Onllzn — zp-1l|M
= 200 (p,p = Tnt1) + 20 [Ipl[[ 2041 — wall] + 200 (f(P) = P Tni1 —p)
< (1= an(l = k)zn = pl* + ballzn — 201 |M = 2(1 = an)an(p,p — Tp41)
+ 2an||plll|zn+1 — wall + 200 (f (p) — P, Tpt1 — )

= (U= D)l 9P a1~ B 2 s —
= 202 p— ) + 2 ol —
+2ﬁ<f(p) — Ps Tnt1 —p>]
= (1 —an(l = k) zn —pl? + an(l — k)T, (36)

2(1—ay,
Where, v, = % (1ik) Hxn - J}n_1||M - ((17(]);) ) <p7p - xn+1> + Zﬁ”p'”'mn-&-l -

Wh| +2ﬁ<f(p) — P, Tyy1—p). According to Lemma 2.2, to conclude our proof, it

is sufficient to establish that limsupy,_, ., ¥, < 0 for every subsequence {||z,, —p||}
of {||z,, — p||} satisfying the condition:

tim inf{ |, 1 = pll = 2, — pll} > 0. (37)

To establish that limsup,_,. ¥,, < 0, we suppose that for every subsequence
{llzn, —plI} of {||xr, —p||} such that (37) holds. It is easy to see from (36) and (31)
that

lzns1 = pII?

= lanf(zn) + (1 = an)tn = pl?
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= llan(f(@n) = F()) + (1 = an)(ta — p) + an(f(p) - )|

< Nlan(F@n) = F@)) + (1 — an)(tn — D) + 20n{(F(0) — ). Znss — )
< a4 (1 )l — 3l + 307 5) — hamrs — 0}
< anklln — pl® + (1 — an)llon — ol @jﬁnvn )
+ 20, ((f(p) = p), Tng1 — )
2 9)

= apk|zn 7p||2 + (1 = ap)||wn *pHQ -(1- an)T””ﬂ - tn”Q
+ 20, ((f(P) = P)» Tns1 — p)
On
<z — pl? + = |n = 21 [ M = 200 (p.p — Znp1) + 20 |p] [ ns1 — wa

- an>(2;¢)|vn bl 200 {(F(B) — p)s Tss — ), (38)

which implies that

lim sup ((1 — ank)M”’U'ﬂk — tn, ||2>

k—o0 ¢
. 0

= hmsup [Hxnk - p||2 + Qny, - ”xnk - "EnkfluM - 2ank <p7p - mnk+1>
k—o0 ank

+ 20, [|Pl|2n,+1 = Wy | + 200, ((F() = D), Tngtr = D) = [Znerr — ol
< —timinf{lay, 1~ pl? ~ [, ol <0
Thus, we have
len;O |n, — tn, |l = 0. (39)

In addition, using (36) and (29), we have
lZnt1 = pl?
= llanf(zn) + (1 = an)tn — pl
= llan(f(zn) = f(0)) + (1 = an)(tn — p) + an(f(p) — D)|?
< lan(f(zn) = £(0)) + (1 = an)(tn = P)II* + 200 {(f(p) = P), Tn41 — D)
< ankllzn = pl* + (1 = an)lltn = pl* + 200 ((f(p) = P), Tns1 — 1)

+ (1= an)llvn = plI? + 200 (£ (p) = ), Tnt1 — P)
< ankllzn = pl* + (1= an)lllwn = plI* = €T (20 — Twn)]|*]

+ 200 ((f(P) = P); Tn+1 — p)

< ankllzn —pl* + (1 = an)[(1 = a)llen = plI* + Onllwn — 20| M

< apkllzn, —p|? +

=200 (D, D — Tt1) + 200 Dl [2nt1 — wall]l = (1 = an)e | T (20 — Twn)|?
+ 20 ((f(p) = P); Tnt1 — p)
< llzn = plI* + Onllzn — @n-1l|M = 2(1 = an)an(p,p = Tn41)
+2an[plllents — wall = (1 = an)e T (20 — Twa)[|* + 200 ((f(p) = ) Tnt1 = P),
(40)
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which implies that

lim sup ((1 — ank)GQHT*(an — Twnk)||2>

k—o0

. 0
< hmsup |:||aj"k _p”2 + g, — Hxnk - w’ﬂkleM - 2a’ﬂk(1 - ank)<p’p - xnk+1>
k—o0 Qo

+ 20, |[plll|#ne1 = W || + 200, ((f (D) = P)s @1 — ) = |nge1 — |
< —likmil’lf[||$nk+1 _p||2 - ||xnk _pHQ] <0.
—00

Thus, we have

lim |T*(zp, — Twy,)|| = 0. (41)
k—o0
Using (25), we have
[Twny, = Zn, || < 20T (20s = Twn,)|[[wn, = I, (42)
thus, using (41), we have
lim || Twy, — 2zn, || = 0. (43)
k—o00

Furthermore, observe that
ldn, | = [|Twn,, = Y, — Ay (ATwn,, — Ay, )|
<N Twn, = Yni |l + Any [[AT Wy, — Ay, )|l
< (L + Wl Twn, = yn, |l (44)
In addition, using (44), we have

1T, — o I (1-
> (1 — = . (45
= = A T, — g P~ Q2 )

||Twnk — Yny ”2

Thus, we have

Tn
”Twnk — Yny, ”2 = (1 _kﬂ) Hdnk H2
Hgnnkdnk ”2 1 2
= = 20y — Twp, ||
(1 = 1)y, (1 = )¢ * §
I—p
< WH% = Twn, |1%, (46)
thus, using (43), we have
klggo ||Twnk — Yny || =0. (47)
Using a similar approach, we have
kli)H;o Hunk — Uny || =0. (48)
i {|zn, =y, || < Hmlzn, = Twp ]| + lm [[Twn, =yl = 0. (49)
klggo thk = Uny, || < kILH;o ||tnk — Uny || + khango ank = Uny, ” =0. (50)

Also, using the above results, we have

||t7lk - unkH < thk - vnk” + ||vnk - unk” —0ask— 00, (52)
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l2ng = Yni | < |2y, — Twn, || + | Twny — Yoyl = 0 as k — oo. (53)
In addition, we have that

Nk

0
Hwnk — Ty, ” < Qn,, &”‘rnk — Tny—1 H + an, Hl.nk ” + Olik
Qi Ay,

|€n, — Tne—1]] = 0
as k — oo. (54)
Also, we have
[vn, = o | < lwny, — T | + Vi [T (2), — Twny, )| — 0 as k — oo,
[tn, = il < lltny — vng | + lvny, — @n, || = 0 as k = oo,
[tne = Wni |l < [ty — Tnp [l + 120y — Wiy | = 0 as k = oo,
1Y = Tl < NYne — wa |l + lwn,, — @n, || = 0 as k — oo,
[2ne = el < 20y, = Ynie | + |90y — @yl = 0 s k — oo,
[Znit1 = tng || < oy [ f(2n,,) = tnp |l = 0 as k= oo,
Itn, — znll < lltn, — Tnp || + |20, — 20, ]| = 0 as k — oc.
Lastly, we have
[Zni+1 = Tng | < Nl@nit1 = tnp | + tny, — 20, |l + |20 — 20 | = 0 as k — oo
(55)
Now, since {z,,} is bounded, then, there exists a subsequence {.Z’nkj} of {zn,}
such that {z, } converges weakly to z* € Hi. Let (v,u) € G(A + Ay). Then
u—Av € Ayv. Also it follow from (22), ﬁ(Twnkj = Any, ATwy, —ynkj) € Pyn,, -

J
Thus, using the monotonicity of Ay, we have

(v =yn,,,u—Av— (Twny, = Any, ATWn, . = Yn, ;) 2 0 (56)

)\"kj
Using (56) and the monotonicity of A, we have

<U - ynkj ) ’LL>

1
> <v—ynkj,Av+ 3
oy

= <U - ynkj , Av — Aynkj> + <U - ynkj s Aynkj - ATwnkj>

(Tw"kj - y"kj )>

(Twnkj - ynkj) - ATwnk]_>

+ <U - ynkja )\
nkj

1
> <U - ynkj ’ Ay’ﬂkj - AT’LUnkj> + <U - ynkj7 W(Twnkj - ynkj )> (57)
From (54), we can choose a subsequence {wnkj }+of {wy, } such that {wnkj } converges
weakly to x*. Also, since T is a bounded linear operator, we have that {Twnkj}
converges weakly to Tz*. Hence, using (47), we have that {ynkj} converges weakly
to Tz*. Using (17) and (47), we have

lim [[ATwn, — Agn, || < & lim [|Tw,, = yn, | = 0.
J—0o0 J J )\ J—r00 J J

Thus, we have that
(v=Tz* u)y >0
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as j — oo. Thus, by the maximal monoticity of A+ A;, we have Tz* € (A+A4;)~1(0).
Also, using similar approach as above, (41) and (48), we have

]lirgo ||ank]» - Bunk]» ” =0
and
lim v, —wyl| = lim v, [T (2, — Twn, )| =0.
— 00 J—00 J J J

Thus, since wy, ,v,, and u,, converges weakly to z* and
‘J J "J

lim ||Bv,, — Bug, || =0,
J—o0 J J

we have z* € (B + B;)~!(0). Thus, 2* € I'. Furthermore, since n,, converges
weakly to z*, we obtain

limsup(f(p) — p, 2n, —p) = lim (f(p) = p,2n,, —p) = (f(p) —p,2" —p). (58)

k— o0 Jj—oo

Since p is a solution of T, it follows

limsup(f(p) — p,zn, —p) = (f(p) —p, 2" —p) <0, (59)

k—o0

and we obtain from (59) and (55)

lim sup(f(p) — p, Zn, 41 —p) < 0. (60)
k—o0
Lastly, we also obtain
1Tne+1 — Wny || < |1 Tnet1 — Zng || + [|Zn), — wn, || = 0 as n — oo. (61)
Oy,
Using our assumption, (61), (60), and the fact that ¥y, = %ﬁ”mnk] -
",

2(1—any, )
T, 1 |M — —== (0, = g 11) + 22 [Pl 11 — wall + 25255 (F () —
Dy Ty, +1 — P) < 0.Thus, From Lemma 2.2, we have that lim ||z, —p| = 0.
J n—oo

5. Application to split equilibrium problem. An interesting optimization prob-
lem is the equilibrium problem (EP) introduced and studied by Blum and Oettli [7].
Some well known problems in sciences are special type of the equilibrium problem.
For example, Minimization problems, mathematical programming problems, saddle
point problems, Nash equilibrium problems fixed point problems, vector minimiza-
tion problems, and so on. The equilibrium problem (EP) is defined as finding z* € C
such that

F(z*,y) 20, (62)

forally € C, where F' : CxC — R is a bifunction. The solution set of EP is denoted
by EP(F). Due to its numerous application, the notion of EP has been extended
and generalized by different scholars. For instant, Kazmi and Rizvi [20] introduced
and studied the following Split Equilibrium Problem (SEP). Let C C Hy,Q C Ho,
Fl:CxC — Rand Fr : @ x Q@ — R be two bifunctions and suppose that
T : Hy — Hs is a bounded linear operator. The SEP is to find z* € C such that

Fi(z*,2) >0V 2z eC (63)
and such that
y* =Tz € Q solves Fr(y™,y) > 0, Yy € Q. (64)
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We denote the solution set of (63) and (64) by Q = {x € EP(Fy) : Tx € EP(F3)}.
It is easy to see that if H; = Hy = H and Fy» = 0 with T = Iy problem (63)-
(64) becomes (62). The following assumptions are needed in solving equilibrium
problems.
Assumption 5.1. [30] Let F : C x C — R be a bifunction satisfying the following
assumptions:

1. F(z,z) =0 for all z € C;

2. F is monotone. That is F(x,y) + F(y,z) <0 for all z € C;

3. for each x,y,z € C,limsup,_,o+ F(tz+ (1 —t)z,y) < Fi(z,y);

4. for each x € C,y — Fi(x,y) is convex and weakly lower semi-continuous.
Lemma 5.2. [30] Assume that F : C x C — R satisfies Assumption 5.1 and let
Br be a set valued operator defined from H into itself as

{zeH:F(z,y) > (y—=z,2) Yy e C}, ifxeC,
Bp(z) = (65)
0, otherwise.

Then Br is a maximal monotone operator with domain D(Br) C C and B~1(0) =
EP(F). Thus, the re-solvent J{ := (Iyy + ABr)~! of B is defined by
1
Jf(ac)z{mEC’:F(z,y)+X<y—z,z—x> >0VyeC}
Applying of Lemma 5.2, the following iterative method is deduced from Algorithm
3.2 for solving the problem (63)-(64).

Algorithm 5.3. Initialization Step: Given \,v,u > 0. Choose xg,x1 € Hi,
given the iterates x,,_1 and x, for all n € N.

min {07 M}, if Ty # Tp1
O = (66)
0, otherwise.
Step 1: Compute
wp = (1 —ap)zn, + (1 — apn)bp(n — Tp_1),
Y = JE2Tw,,.
Step 2: Compute
Up, = Wy + Y0 T (2, — Twy,). (67)

Twn—zal® |
& T (T —zy? ~ €| ¥

where v, is chosen such that for small enough € > 0, 7, €
Twy, # 2y, otherwise v, = ~. Step 3: Compute
Uy = Jfl Up,.
Step 4: Compute
Tnt1 = Q@ f(zn) + (1 — ap)uy,. (68)

Theorem 5.4. Let Fy : Hy Xx Hy — R and F5 : Hy x Hy — R be two bifunctions
which satisfy conditions (5.1) and suppose that Q # (0. Also, let Assumptions 3.1
hold. Then, the sequence {x,} generated by Algorithm 5.3 converges strongly to an
element in Q.
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6. Numerical example. In this section, we will give some numerical examples
which will show the applicability and the efficiency of our proposed iterative method
in comparison to the same Algorithm 3.2 but with the normal inertial (z,, + 6, (x, —
Zn—1)) and Algorithm 3.2 without inertial term.

Example 6.1. Let Hy = Hy = Lo([0,1]) be equipped with the inner product

(z,5) = / 2(Dy(0)dt ¥ 2,y € Lo(0,1]) and 2] = / l2(0)2dt Y, y, € La((0, 1).

Let T; A; A1; B; By f = La([0,1]) — L2([0,1]) be defined by;
Ajz(t) = max{0,z(t)}, t € [0,1],z € La([0, 1]);

Biz(t) = %max{O,x(t)}, t €10,1],x € Ly([0, 1]);

Az(t) = /0 z(s)ds, t € 10,1],z € La([0,1]),

! setts
Ba(t) = /0 <x(t) _ (j;ﬁcosx(s))d& te0,1],x € La([0,1)),

fz(t) = /0 %x(s) ds t € [0,1],z € Lo([0, 1]);

Ta(s) = /0 K (s, )z(t)dt = € Lo((0,1]),

where K is a continuous real-valued function on [0,1] x [0,1]. It is easy to see that
A, A1, B,By and T satisfies Assumption 3.1, (see [0, 18] for details). In addition,
fis a contraction on Lo([0,1]) and T is a bounded linear operator with the adjoint
operator T*x(s) = fol K(t,s)x(t)dt © € Ly([0,1]). We choose an = 5527z, =
04,0 =03,0=0.5,j =04, =02, =03, = 1.6 and ¢ for all n € N. Also
if we consider € = ||x, — zy,|| < 107° as the stopping criterion and choose the
following as starting points:

Case It zo(t) =t+2, x1(t) =2t+1;

Case II: wo(t) = e* + 1, z1(t) = t3;

Case III: z(t) =3 + 12 + 2, 21(t) = 2t + cos(t).

Example 6.2. Let H| = Hy = I5(R) := {x = (21, 22,23, - ), 2; € R: 221 \x1|2 <
oo} and ||z = (32, |23|2)2 for all z € I5(R). Suppose the operators T'; A; A1; B; By;
f:(R) = Io(R) are defined by

Arx = (321, 32,323, -+ , 324, -+ ) V x € [o(R);

Bix = (Tz1, 7w, Tws, -+ 27, ) V x € b(R);

A(x) = 2(w1, 29,23, ,Tip ) V & € l2(R);

1 + |z1| @2+ |z2| T3+ |T3] x; + ||
B(z) = ) Vo € la(R);
(gj) ( 3 ) 3 ) 3 ) ) 3 ) ) T e 2( )7
T2 I3
Tx = (0 = ... I5(R);
Y (azla 27 37 )7x€ 2( )a

It is easy to see that T is a bounded linear operator with the adjoint operator T*y =

(0,91, %,%,---) y € I2(R) and A, A1, B, By satisfy Assumptions 3.1. We choose
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Number of iterations Number of iterations
F1GURE 1. Example 6.1, Top Left: Case I; Top Right: Case II.
102 T T 102 T T
—¥— Algorithm 3.2 —%— Algorithm 3.2
" —<— Normal Inertial | | ; —<— Normal Inertial | |
10 —6— Without Inertial 10 —o— Without Inertial
10° 10%F
10t 10t
107 102k
10% 10°F
10 104k
10 ' ) ' ' ; ; ; 10° ' ' ' ' ; ;
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14
Number of iterations Number of iterations
F1GURE 2. Example 6.2, Top Left: Case I; Top Right II.
on = 505, 1 = 04,0 =03,1 =0.5,j = 04,4 = 0.2,a = 0.3,¢ = 1.6 and ¢ for

all n € N. Also if we consider € = ||z, — xp,, || < 1075 as the stopping criterion and
choose the following as starting points:
Case I. z9=1(1,3,5,--+), 1 = (0.5,0.5,0.5,-- - );

11

176

Case Iz =(1,2,3,4,---), z1 = (3, )

)

7. Conclusion. In this paper we have introduced and studied an iterative algo-
rithm for solving split monotone inclusions problem in the framework of real Hilbert
spaces using viscosity inertial techniques. We have obtained a strong convergence
result without assuming that our single valued operator is inversely strongly mono-
tone assumption. We emphasize that the value of the Lipschitz constant is not
required for the iterative technique to be implemented, and during computation,
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the Lipschitz continuity was not used. Lastly, we present an application and al-
so some numerical experiments to show the efficiency and the applicability of our
proposed iterative method. However, the linear rate of convergence of the iterative
technique introduced and studied in this paper was not investigated. Hence, we
intend to look in this direction in the near future.
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