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Abstract. In this article, we consider the Al-iteration process for approximating the fixed points of enriched
contraction and enriched nonexpansive mappings. Firstly, we prove the strong convergence of the Al-iteration
process to the fixed points of enriched contraction mappings. Furthermore, we present a numerical experiment to
demonstrate the efficiency of the Al-iterative method over some existing methods. Secondly, we establish the weak
and strong convergence results of Al-iteration method for enriched nonexpansive mappings in uniformly convex
Banach spaces. Thirdly, the stability analysis results of the considered method is presented. Finally, we apply our
results to the solution of fractional boundary value problems in Banach spaces.
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1. INTRODUCTION

The Banach contraction principle [1] is an essential tool for solving fixed points problems
for contraction mappings defined on a complete metric space. This principle has widely been
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used by many authors for proving the existence and uniqueness of solutions of nonlinear func-
tional equations such as integral equations, ordinary differential equations and partial differ-
ential equations. In certain cases, the existence of solutions of a fixed point problem is guar-
anteed, but finding the exact solution may be impossible [2]. The iterative method have been
introduced by several authors to obtain the approximate solutions of such problems (see, for
example, [9, 10, 11, 12, 13] and the references in them). It is important to mention that the
proof of the Banach contraction principle is based on convergence of the most simplest it-
erative process called the sequence of successive approximations or Picard iterative process
and it is well known that the approximation of this method to the fixed point of nonexpan-
sive mappings may fail even when the fixed points of such mappings exist. Due to limita-
tion of the Picard method, several methods have been constructed for approximating the fixed
points of nonexpansive mappings and other generalizations of nonexpanisve mappings (see,
[3,2,7,4,5, 14, 6, 33, 34, 35, 36, 37, 8] and references in them).

Let C be a nonempty subset of a Banach space B. Then the set {p € C: p = Tp} of all
fixed points of the self mapping T defined C is denoted by F (7). The mapping 7 is called a

contraction if there exists § € [0, o) such that || Tx—Ty|| < §|jx—y

,forall x,y € C. T is called
nonexpansive if ||Tx — Ty|| < ||x —y||,¥x,y € C and it called quasinonexpansive if F(T) # 0,
then ||Tx— p|| < |[x—pl|, Vp € F(T) and x € C.

In [18], Berinde and Pdcurar introduced a new class of mappings called enriched (b, y)-

contraction mappings.

Definition 1.1. A mapping T : C — C is said to be an enriched (b, 7y)-contraction mapping if for
x,y € C, there exists b € [0,) and y € (0,b+ 1) such that

() 1b(x —y) +Tx—=Tyl| < 7llx—y|.

Remark 1.2. It is not hard to see that, if b = 0, then the class of enriched (b,7y)-contraction

mappings properly includes the class of contraction mappings.

Again, Berinde [19] introduced another class of mappings called enriched nonexansive map-

pings.
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Definition 1.3. A mapping T : C — C is said to be an enriched nonexpansive mapping if for

x,y € C, there exists b € [0, ) such that
2) 1b(x—y) +Tx—Ty|| < [lx—yl|.

Remark 1.4. Observe that the class of enriched nonexpansive mappings is a super class of
the class of nonexpansive mappings. Indeed, if b =0, it is obvious that the class of e properly

includes the class of nonexpansive mappings.

The class of enriched nonexpansive mappings have been studied by many researchers in

recent years [19, 2, 20, 14].
Remark 1.5. [22] Suppose T is a self mapping defined on C. Then, for any A € [0,1), the
averaged mapping T), on C given by
Thox=(1—A)x+ATx
satisfies F(T) = F(T),). Obviously, To =1 and Ty =T are the trivial cases.
Recently, Ofem and Igbokwe [23] introduced the Al-iterative method to approximate the
fixed points of contraction mappings. The authors showed that their method converges faster

than some well known methods in the literature. For {o,} € (0, 1), the Al-iterative method is

given as follows:

P1 GC,

2% = (1 = o) .+ ok Ty pr,

(3) Wi = lek, ke N.
qr = Tywy,
L Pk+1 = T)qx;

Motivated by the above results, in this work, firstly, we prove the strong convergence of the
Al-iteration process to the fixed points of enriched (b, y)-contraction mappings. Furthermore,
we present a numerical experiment to demonstrate the efficiency of Al-iterative method over
some existing methods. Secondly, we establish the weak and strong convergence results of

Al-iteration method for enriched nonexpansive mappings in uniformly convex Banach spaces.
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Thirdly, we show the stability analysis results of the considered method. Finally, we apply our

results to the solution of fractional boundary value problems in Banach spaces.

2. PRELIMINARIES
In this section, we recall some definitions and lemmas that will be used in obtaining our main

results.

Definition 2.1. Let B be a Banach space. If for each € € (0,2, there exists § > 0 such that for
p,q € Bwith ||p|| <1,

gll < 1and ||p—q| > & implies HPTWH < 1—396. Then B is said to be

a uniformly convex Banach space (UCBS).

Definition 2.2. A Banach B is said to fulfill the Opial’s property if for any sequence {p;} € B

which converges weakly to p € B implies

limsup||px — p|| <limsup || px —ql|, Vg € Bwith q # p.

k—>°° k—)oo

Definition 2.3. Let {p;} be a bounded sequence in a Banach space B and let C be a nonempty

closed convex subset of B. For p € B, we take

r(p,{pk}) = limsup || px — p|.
k—roo
The asymptotic radius of {pi} relative to C is given as:
r(C.{pi}) = inf{r(p,{pi}) : g € C}.
The asymptotic center of {py} relative to C is defined by

ACApy) ={p € C:r(p,{p}) = r(C.{pi})}-

It is well known that in a UCBS, the set A(C,{py}) is a singleton.

Definition 2.4. Let B be a Banach space and C be a nonempty closed convex subset of B. Then,
the self mapping T : C — C is said to demiclosed with respect to p € B, if for each sequence {py }

which is weakly convergent to p € C and {T pi} converges strongly to q implies that Tp = q.
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Lemma 2.5. [29] Let B be a UCBS and {r;.} be any sequence fulfilling 0 < h < ry < q < 1 for

all k > 1. Suppose {pi} and {q;} are any sequences in B with

limsup[|pr]| < z,
k—yoo

limsup||gx|| < zand

k—yo0

limsup ||repr+ (1 —re)gr|| = =z

k—yo0

hold for some z > 0. Then klim |k — qrll = 0.
—>00

Lemma 2.6. [28] Let {ay} and { @y} be sequences of positive real numbers satisfying the fol-

lowing inequality:
ar1 < (1 — o)y + ey,

where @y, € (0,1) for all k € 0 with ;7o 0 = oo. Ifklim 2)—’2, then klim a; =0.
—>00 —>00

Definition 2.7. [31] The condition (1) is said to be satisfied by the mapping T : C — C, if a
nondecreasing function h : [0,00) — [0, 00) exists with h(0) = 0 and for all ¢ > 0 then h(c) >0

with ||p—Tp| > h(d(p,F(T)) for all p € C, where d(p,F(T)) = infpcr(r) | p — P*||-

Definition 2.8. [15] Let t; be an approximate sequence of py in a subset C of a Banach space B.
Then a given iterative process pyy1 = f(T, px) for some function f, converging to a fixed point
p* of self mapping T defined on C, is said to be T-stable or stable with respect to T provided

that Jim v = O if and only if im 1, = p* where v, is given by
k—voo ko0
Vk = Htk-i-l _f(Tutk)||7Vk >1.

3. CONVERGENCE ANALYSIS FOR (b, 7)-CONTRACTION MAPPINGS

In this section, we establish the convergence analysis of (b, ¥)-contraction and enriched non-

expansive mappings.

Theorem 3.1. Let C be a nonempty closed and convex subset of a Banach space Band T : C — C
a (b,y)-contraction mapping with F(T)# 0. Then, the sequence {p;} defined by (3) converges
to a fixed point of T.
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Proof. Letb = % — 1, it follows that A € (0, 1). Then (1) becomes
1
) I =D —a)+Tp—Tq| <vllp—4l.
which can equivalently be written as
(5) IT.p —Thqll < 6l[p—ql],

where 0 = 1y. Asy€ (0,b+1), 6 € (0,1). Hence, the averaged operator T}, is a contraction

with contractive constant 6. Let p* € F(T). Then, from (3) we have

|z — || = ||(1 — ox) P + ok Ty i — P ||
< (I=o)llpx =Pl + ol Tpe — P ||
<(1=ow)lpx—pr" |+ 018 pr — P

(6) =(1—=(1-08)ox)|lpx—p"I|.

Again, from (3), we have

wi —p*|| = [|Thzx — p*||

@) < 0|z —p7-

Also, from (3), we have

gk —p*|| = | Tawk — p*||

(8) < 0w —p.
Finally, from (3), we get

|Pkr1 =Pl = | Thqx — P

©) < Bllgr—p7l.

Combining (6), (7),(8) and (9), we have

(10) s —p*1l < 63 (1= (1 68)01) || px— p*l-
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Inductively, we have

(1D st — ¥l < 8%(1 = (1= 8)0y)llpo — P

Since 0 < 8%"(1—(1—0)0,) < 1, it follows that {p;} converges to p*. O

Next, we give an example to demonstrate that the Al-iteration process (3) converges faster

than S [6], Thakur [30], and M [14] iteration methods.

Example 3.2. Let B=R and C = [0,10]. Let T : C — C be a mapping defined by Tp = 10— p,
for all p € C. Let all the control parameters in the compared methods be G = % and the

starting point p1 = 6. Observe that T is (%, %)-enriched contraction with fixed point 5. Hence,

__25-p
T% ==

From Table 1 and Figure 1, it is evident that Al-iteration process converges faster to 5 than

the compared methods.

TABLE 1. Convergence behaviour of various iterative methods for Example 3.2.

Step  S-iteration Thakur M-iteration Al-iteration
1 6.0000000000 6.0000000000 6.0000000000 6.0000000000
2 5.4843750000 5.4316406250 5.2792968750 5.2421875000
3 5.2346191406 5.1863136292 5.0780067444 5.0586547852
4 5.1136436462 5.0804205313 5.0217870399 5.0142054558
5 5.0550461411 5.0347127684 5.0060850522 5.0034403838
6 5.0266629746 5.0149834411 5.0016995361 5.0008332180
7 5.0129148783 5.0064674619 5.0004746751 5.0002017950
8  5.0062556442 5.0027916193 5.0001325753 5.0000488722
9  5.0030300777 5.0012049763 5.0000370279 5.0000118362
10  5.0014676939 5.0005201167 5.0000103418 5.0000028666
11 5.0007109142 5.0002245035 5.0000028884 5.0000006943
12 5.0003443491 5.0000969048 5.0000008067 5.0000001681
13 5.0001667941 5.0000418281 5.0000002253 5.0000000007
14 5.0000807909 3.0000180547 5.0000000629 5.0000000000
15 5.0000391331 5.0000077931 5.0000000176 5.0000000000
16  5.0000189551 5.0000033638 5.0000000049 5.0000000000
17 5.0000091814 5.0000014520 5.0000000014 5.0000000000
18 5.0000044472 5.0000006267 5.0000000004 5.0000000000
19  5.0000021541 5.0000002705 5.0000000001 5.0000000000
20 5.0000010434 5.0000000008 5.0000000000 5.0000000000
21 5.0000005054 5.0000000000 5.0000000000 5.0000000000
22 5.0000002448 5.0000000008 5.0000000000 5.0000000000
23 5.0000001186 5.0000000000 5.0000000000 5.0000000000
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FIGURE 1. Graph corresponding to Table 1.

4. CONVERGENCE ANALYSIS FOR ENRICHED NONEXPANSIVE MAPPING
In this section, we obtain the weak and strong convergence of Al-iteration method in uni-

formly convex Banach spaces.

Lemma 4.1. Let C be a nonempty bounded closed convex subset of a UCBS Band T : C — C
an enriched nonexpansive mapping such that F(T) # 0. Suppose py. is a sequence generated by

(3), then klim lpr — p* || exists for all p* € F(Ty).
—>00

Proof. Since T is an enriched nonexpansive mapping, take b = % — 1. Tt implies that A € (0, 1).

From by (2), we have

1
(12) ||(I—1)(P—CI)+TP—TCI|| <llp—qll,

which can be written in equivalent form as

(13) | Thp —Thqll < |lp—ql|-

It means that the averaged operator 7T} is nonexpansive. Following the Browder’s fixed point

theorem, it follows that 7 has at least one fixed point. By Remark 1.5, F (7)) = F(T) = 0. We
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have shown that the averaged operator 7}, is nonexpansive. Now, let p* € F(T) ). From (3), we

have
|z —p*|| = (1 = 1) px + Ok Ty — P
< (I =ow)lpx— P |+ ol Tapi — Pl
< (1 —o0)|pc—r*|| +0ollpr — 'l
(14) = lpx —p7II-

Again, from (3), we have

Wi —p* || = Tazx — Pl
(15) <|lzx — p"]|-
Also, from (3), we have

gk — "Il = [ Tawi — pP°|
(16) < [[we —p|-
Finally, from (3), we get

1Per1 =Pl = 1 Thqe — P

(17) <llgx—p*l-
Combining (14), (15),(16) and (17), we have
(18) 1P =PIl < llpe—P7-

There, {||px — p*||} is a bounded monotone decreasing sequence. It follows that, klim P — Pl
—>00

exists for all p* € F(T) = F(Ty). O

Theorem 4.2. Let B, C, T and {py} be same as in Lemma 4.1. Then, F(T) # 0 if and only if

{px} is bounded and klgroloHpk — Ty, prl| = 0, where b = % - L

Proof. By Lemma 4.1, it is shown that {p;} is bounded and klim llpx — p*|| exists for all p* €
—yoo0

F(T),). Suppose
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(19) lim || pg — p*|| = h.
k—yoo
From (19) and (14), we have

(20) limsup ||z — p*[| < limsup||pg — p*|| = h.

k—o0 k—o0
By (19), we obtain
(21) limsup || Ty px — p*[| < limsup || px — p*|| = h.
k—yo0 k—so0

Recalling (3), we have

P =P = [Tha—P|
< lgx—p"|
= [ Tawe—p*||
< we—p7l
= |Tha—p*|l
< |la—p7

Therefore, from (19), we have
22) h <liminf ||z — p*||.
k—ro0
From (22) and (20), we have
h = lim [[z—p"|
k—ro0

= lim [|(1 = o) pic+ Ty pi — p7||

= lim |(1 = o) (px — p*) + ou(Thpx — pY) ||

k—>oo

= Jim (1= 0)lp—p'l| +0ul| Tupi— ")

IA

lim ((1 —ox)||px — || + okllp — P*||)

k—soo

(23) h.

IN

Thus,
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(24) lim (1 —ox)(pc — ") + o(Tapk — p*)|| = h.

k—boo

Using (19), (21), (24) and Lemma 2.5, we obtain
(25) lim || p — Ty, pi|| = 0.
k—boo
On the other hand, suppose {py} is bounded and klim llpi — Tpil| = 0. Let p* € A(C,{pr}).
—>00
From 13, we get

r(Typ*,{px}) = limsup||py—T)p"||

k—yo0

< limsup || px — Ty pi|| +limsup || Ty pr — p*||

k—oo k—yo0

= limsup || px — p||

k—yo0

= r(p"{pe})-

It means that 7) p* € A(C,{px}). Since B is a UCBS, it implies that A(C, {px}) is a singleton
set and therefore, we have that T p* = p*. Thus, F (T ) # 0. OJ

Theorem 4.3. Let B, C, T and {py} be same as in Lemma 13 such that F(T) # 0. Assume
that B fulfills the Opial’s property, then the Al iterative scheme {p;} (3) weakly converges to an

element in F(T).

Proof. For F(T)) # 0, it is shown in Theorems 4.1 and 4.2 that klgg”pk — p*|| exists and
klglolo lpr — Tpp|| = 0. In what follows, we will show the impossibility of {p;} to posses two
weak sub-sequential limits in F (7} ). Let c and d be two weak sub-sequential limits of { p, } and
{px;}, respectively. Thanks to Theorem 4.2, we have that (I —T}) is demiclosed at 0,it follows
that (I — T) )c = 0. Therefore, T)c = c¢. Using similar approach, we can prove that T)d = d.

Now, we prove uniqueness. Suppose ¢ # d, then by Opial’s condition
lim [[py—cl| = lim || py; — || < lim [|py; —d[| = lim | p; —d[|
k—o0 [—ro0 [—so0 k—o0
= lim ||p, — ] < lim | py, — ] = lim [[pg—c].
Jj—reo Jj—roo k—o0

which is a contradiction, therefor ¢ = d. Thus, {p;} weakly converges to ¢ € F(T). UJ
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Now, we present some strong convergence Theorems.

Theorem 4.4. Let B, C, T), and {py} be same as in Theorem 4.1 such that F(T,) # 0. Then,

{px} converges strongly to an element in F(T)) if and only if lilgninfd (pr, F(Ty)) =0, where
—o0

d(pi, F(Ty)) = inf{| pr — p*|| : p* € F(T)) }-

Proof. The necessity case is trivial. Thus, we consider only the sufficient case. Assume that

lilgninfd(pk,F(T;L)) =0 and p* € F(T)). Then, by Theorem 13, we have that klim lpr — P*||
—300 —>0

exists, for each p* € F(Ty). It is now enough to prove that {p;} is a Cauchy sequence in C.

Due to klim d(pi, F(Ty)) = 0, then for & > 0, there exists mg € N such that for all k > my
—so0

d(pi,F(Tp)) <

N [Uve N Uw

inf{||px —p*[|: p* € F(TR)} <

In particular, inf{||py, — p*|| : p* € F(T})} < % Therefore, there exists p* € F(T),) such that

§

| Pmo — Pl < 5

If m,k > mg, we have

1Pt —pell < APk — P [ + [k — Pl
< Npmy =Pl + 1 pmy = Pl
= 2llpm — Pl <.
This means that the sequence {p;} is Cauchy in C. Since C is closed, it follows that a point

t € C with klim pr =t. So that klim d(pi,F(Ty)) = 0 implies that d(¢,F(Ty)) = 0, that is,
300 oo
re F(TA). O

Theorem 4.5. Let B, C, T), and {py} be same as in 4.1 such that F(Ty) # 0. Assume C is a

nonempty convex compact subset of B, then {py} strongly converges to an element in F(T)) .

Proof. Thanks to Theorem 4.2, it is shown that klim |\ — T pr|| = 0. By the compactness of C,
—o0

it follows that {p;} has a strong convergent subsequence {py,} with a strong limit c. Hence,
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Pt —Tacll < Pk, — Tapill + 1 Tapk, — Tacll
< e = Tapi |l + Nl =l
Letting i — oo, we get py. — Ty c. Thus, T)c =c, i.e. ¢ € F(T)). From Theorem 4.1, we know

that klim || pr — c|| exists. In what follows, we have that ¢ is a strong limit for { p;}. O
—>00

Theorem 4.6. Let B, C, T), and {py} be same as in 4.1 such that F(Ty ) # 0. If T), satisfies the

condition I, then {py} converges strongly to an element in F(T),).
Proof. 1t shown in Theorem 4.2 that
(26) lim [|p — T pl| = 0.
k—oo
By (26) and Definition 2.7, we have

0< ]}iigof(d(kaF(T))) < kILIEOHPk_TPk” =0 = f(d(p,F(T)))=0.

Since the function 4 : [0,00) — [0, ) nondecreasing such that #(0) = 0 and A(g) > 0, for all

g > 0, we have

lim d(py, F(T)) = 0.

k—roo

Using Theorem 4.4, the remainder of the proof is obtained. 0

5. STABILITY RESULT

In this section, we present the stability result of the Al iterative method 3.

Theorem 5.1. Let C be a nonempty closed and convex subset of a Banach space Band T : C — C
a (b,y)-enriched contraction mapping. Then, the Al iterative scheme defined by (3) is Ty -stable
for A = % -1

Proof. Let t; be an approximate sequence of {py} in C. The sequence defined by iteration (3) is
give by pri1 = f(Ty, pr) and vy = ||txa1 — f(Ty, 1) ||, for all £ > 1. Next, we have to show that

lim v, = 0 if and only if lim a; = p*. From (3), we have that
k—yo0 k—>o0
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k1 =PI < Mltkr — fF(Tas ) ||+ LF(Ta, 1) — P
= v+ prs1 —P7-

By (4.1), we have
tes1 — p*|| S v+ 0 (1= (1—0)or) [t — p*|I.

Take a; = ||ty — p*| and @y = 63(1 — (1 — 8)0o;). Then we have ai, 1 = 03(1 — wy)a + vy

Since lim % = 0, it follows from Lemma 2.6 that we have lim #; = 0 and hence, lim #;, = p*
k—so0 “k k—yeo k—ro0

Conversely, if l}im t, = p*, then we have
—>00

Vi = |t — f(To 1) ||
< Ntxr = P+ 1£(Th, 1) — 7|
< ltrg1 — P+ 6°(1— (1—0)o0) |1t — p*|-

This implies that klim vr = 0. Hence, the Al iterative scheme (3) is 7) -stable. [
—>00

6. APPLICATION

Fractional calculus is thought-about as a generalization of classical calculus. There are nu-
merous definitions for derivatives and integrals of arbitrary order. Even though in the beginning,
fractional calculus was just a strictly mathematical idea, in modern times its use has unfolded
into many distinct fields of technological know-how such as mechanics, physics, biology, chem-
istry, engineering, electrochemistry and bioengineering [25].

The fractional differential equations have emerged as a new branch of applied mathematics,
due to the evolution of fractional calculus. Further, the existence and uniqueness of solutions to
fractional boundary value problems have acquired a lot of interest due to its qualitative proper-
ties of fractional differential equations [26, 27].

In this paper, we consider the following fractional boundary value problem with y-Caputo

fractional derivative:
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DYV p(t) = g(t,p(t)), 1 € [a,b],

p[GWI] :Pg, m:07177k_2’ p%ﬁil](b> = Pb

(27)

where CDZ‘;W is the y-Caputo fractional derivative of order k — 1 < @ < k (k =[] + 1), and
g :[a,b] x R — R is the given continuous function and pp,p? € R (in =0,1,....k—2), p €
C*=1[a,b] such that CD;XL"/p exists and is continuous in [a, b].

The following definitions and lemmas will be useful in obtaining our main results in this part

of the paper:

Definition 6.1. Let o > 0, h an integral functional function defined on |a,b] and y € C¥[a, b]
an increasing differentiable function such that W'(t) # 0 for all t € [a,b]. The left-sided y-

Riemann-Liouville fractional of order & of a function h is given by

1 g _
1Y) = s [ W60 = () hi)ds,
INa) Ja
where T'(+) is gamma function.
Definition 6.2. Let k— 1 < o < k, h: [a,b] — R be an integrable function and y is defined

as in Definition 6.1. The left-sided y-Riemann-Liouville fractional derivative of order o of a

function h is given by

(28) D"‘"”h(r):[ ! irclk_a’wh(t)
at ll//(t) dt at 9

where k = [o] + 1 and [a] denotes the integer part of the real number Q.

Definition 6.3. Let k— 1 < a < k, h € C*"[a,b] and y be defined as in Definition 6.1. The

left-sided y-Riemann-Liouville fractional derivative of function h of order o is evaluated as

_ m—1 h[m} a
9) DY h(e) = 1Yh(r) [h(t) -y By w<a>m>] ,
m=0 :
where h£,r,"](t) :[W,l(t)%—mh(t) and k= [al+ 1 for a ¢ N, k = a for a € N. Further, if h €

C*la,b] and a ¢ N, then

k t
D) =1 | ] 10 = o [ o - vl s
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Therefore, if 0 =k € N, one get
k
“DEVh() =y (1).

Lemma 6.4. A function p is a solution of the fractional boundary value problem (27) if and

only if p(t) is a solution of the fractional integral equation

~ e [ YOO - v el plods + | P
R
(

T =) —k+2) k—DID(a—k+1)

t ' k—2 pm
+/a ¥ () (w(b) — w(s))* g(s, p(s))ds + Y ~5[w(r) — w(a))™.

The existence and uniqueness results of the problem (27) was proved in [25] under the fol-

lowing assumptions:

H; g:[a,b] xR — R is continuous and there exists a 0 < u < 1 such that
|8(1,2) —g(t,w)| < pfz—w|, Vz,w €R

Hy | oy + RS0 p(y(b) — y(a)® < 1.

Our aim in this part of the paper is approximate the solution of the fractional boundary value

problem (27) using the Al iterative method (3) for A = 1.

Theorem 6.5. Suppose assumption Hy —H» holds. Then the Al-iterative method defined by (3)
converges to the solution of the BVP (27).

Proof. Set B = {p € C*"'[a,b] :* DY l’/p € Cla,b]}. Then B is a Banach space. Next, we define

the operator 7' : B — B by

T = gy [ VOO o)™ s poas+ |
+g<a,p<a>><w<> <a>>°‘-k+1}_ (v(1) — (@)~
(k—2)I0(0—k +2) (k—1)IC(o—k+1)
k=2 _m
(30 + [ W)~ vs)™ elspls)ds+ ¥ o) - wi@)"
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Let { px} be an iterative method generated by the Al-iterative method (3) for the operator defined
by (30). We have to show that p; — p* as k — . By (3) and (30), we have

[Pes1 =P

a,qi(a —y(a))* K+l
L e
w() - wla)!

(k( D (a—k+1) " / t ¥ (s)(w(b) = w(s)* *g(s,qu(s))ds+ i %[w(r) —y(a)"

1 ! o . a,p*(a))(y(b) — y(a))* k!
[ [ YO0 w6 et s+ [ P+ S NN )

_ a k—1 1 k=2 _m
s [ WO 0) - W) el s+ P v - w(a)]’"]

(w(b) = w(@)* ™ (w(1) — y(a)*!
(k—2)T(a —k+2)

|¢(a,qi(a)) — g(a, p*(a))]

IN
=

1Y 18(t, qi(t)) — g(t, p" (D) | +

_ a k—1 o .
(k( f(z? zr(lg(_)iuﬂw “Y g b, u(5)) — 8(b.p* (b))

(w(b) — y(@)* ™ (y(0) ~ y(a)*!
(k—2)T(a —k+2)

_l’_

IN

1%V | p(t) — p* (1) + plp(a) —p*(a)|
- a k=l o— *
(k( f'(z?zrfﬁ(_)i”) L k8= 0)

(W) —y(a)®* (v(b)—w(a)” (y(b) — y(a))®+! .
C(o+1) +(k—Z)!F(OC—k+2)+(k—1)!r(a—k+2)]“”q"_p”'

_l’_

IA

Thus, we have

1 (y(b) —y(a) +k—1
Tla+1)  (k—D)IT(a—k+2)

G P =PI < { ] u(y(b) — w(a)*llgx—p*ll

Following similar approach, from (3) we obtain

3 o= [ gy | A ®) (@) 7]
3 IS e g | O - (@)

Using (3), we have

[l2x(2) = p(1)]]

= [(1=0o1)pi(t) + 0(Tar) (1) = p(1)]
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(1= 01)[pi(t) = P (1) + 0| (T i) (1) = (Tp") (1)]

IN

= (1=0u)|pi(t) = p"(1)| + 0% X

o p g(a, pi(a)) (w(b) — y(a))* !
{ /"f 80 f”"(s))d”[(kbl)!Jr ék 2)IT(0—k+2) ]

- (k( Y (f)) ,}(‘(’;@k T / W () (w(b) — w(s))* g(s, pe(s))ds + ¥ 20 [y (1) — w(a)”

g s (@." @) ((b) ~ (@)
(e [ OO - v et <s>>ds+[(kf"1)!+g P e

_ a k—1 t k=2 _m
—Uff(f)),r(‘ﬁ(_’,i T / ¥ () (w(b) — w(s)* *gls,p ds+2p el —W(a)]m>}

(1= 01)|pi(t) = p*(1)| + 0% %

IA

(w(b) — y(@) ™ (y(1) — y(a))*~!
(k—2)\IT(a—k+2)

-1

(I—Gk)\pk()— (1] + 0 x

—wla)) @K+ —y(a))k!
{’5‘4“’# et —p 1))+ 2 l(l;(—);) !r(a(j/ litj)t Z)W( !

—y(a))k! a—

{ 1Y g, () — gt " (1)) +
_|_

IN

tpi(a) = p*(a)l

< (I=a)llpc—pll
(y(b)—y(@)* ,  (wb)—y(@)* | (w(b)—y(a)*" .
o [ C(o+1) (k—2)'T(a—k+2) (k_1)gr(a_k+2)}ﬂfpk—l7 I

Thus, we have

Iz = P*Il < (1 = o)l pi— P°

L (w) - wla) bk
Tla+1) " (k- )IT(o—k+2)
3 = (10 ey | ) - w(@)® ) I

Combing (31), (32), (33) and (34), we have

+ak[ }u<w<b>—w<a>>“||pk—p*u

=21 (| oy + e | M)~ w(@)?)

65) (1- 0| o + e e v - wi@n® ) -

g(a, pr(a)) —g(a,p*(a))l
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Since [F(oc1+1) + (El,/((_bi;}y((;)_);f;)l} w(y(b) —y(a))* < 1and 0 < of < 1, it follows that

<1 — Ok [F((x1+1) + Q’,’ffi;g’ég?ﬁiﬂ u(y(b)— lll(a))o‘> < 1. Thus, (35) becomes

(36) |Pk1 —P7ll < llpx— P

If we set, || prs1 — p*|| = vk, then we have

(37) Virl < vg, Vk > 1.

Thus, {v;} is a monotone decreasing sequence of positive real numbers. Further, it is bounded

sequence, we obtain

lim vy = inf{v; } = 0.
k—yo0

So,

lim || px — p*|| = 0.
k—yo0

7. CONCLUSION

In this article, we considered the Al-iterative method for approximating the fixed pints of en-
riched (b, y)-contraction mappings and enriched nonexpansive mappings. We obtained the weak
and strong convergence results of these mappings under some mild conditions. we present a nu-
merical example to justify the advantage of Al-iterative method over many existing methods.
Furthermore, we showed that the Al-iterative method is 7'-stable. Lastly, we approximate the

solution of fractional BVPs with via Al-iterative method.
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